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Leptospirosis remains a complex zoonotic threat. This study develops a stage-

structured mathematical model of leptospirosis transmission incorporating 

vaccine-induced immunity and two-stage treatment. The basic reproduction 

number (𝑅0), derived via the Next-Generation Matrix method, serves as a 

threshold where 𝑅0 <  1 indicates disease elimination, whereas 𝑅0 > 1 

indicates persistence, with equilibrium stability analyzed using the Routh-

Hurwitz criterion. To evaluate controls, we explicitly contrast two parameter 

regimes: a disease-free scenario under high interventions and reduced contact 

rates (𝑓 =  0.80, 𝜃 = 0.40,  𝛽ℎ =  0.10) resulting in 𝑅0 =  0.7696, and an 

endemic scenario with low interventions and a high contact rate (𝑓 =  0.15,
𝜃 =  0.10, 𝛽ℎ = 0.66) yielding 𝑅0 = 6.009. Vaccination and awareness alone 

cannot eliminate the disease; reducing human-vector contact rates (𝛽ℎ) through 

environmental control is strictly required. Combining 80% vaccination and 40% 

awareness with these environmental measures reduces transmission potential by 

88%, providing quantifiable public health policies. 
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1. INTRODUCTION 

Leptospirosis is a zoonotic infectious disease caused by pathogenic Leptospira bacteria and remains a major 

public health concern, particularly in tropical and developing regions [1]. The disease is primarily transmitted 

through contact with water or soil contaminated by the urine of infected animals, predominantly rat vectors, 

where environmental factors play a crucial role in maintaining disease transmission [2], [3], [4], [5]. Due to its 

complex transmission pathways involving environmental reservoirs and human-rodent interactions, leptospirosis 

remains difficult to control using a single intervention strategy.  

In Indonesia, leptospirosis remains a major public health burden driven by favorable climate, abundant 

rodent populations, and frequent flooding. Ministry of Health data show high case fatality rates exceeding 9% 

annually, with 1,170 cases (106 deaths) in 2020, 734 cases (84 deaths) in 2021, and 1,419 cases (139 deaths) in 

2022 [6], [7]. The disease is widely distributed across several provinces, including East Java, Central Java, 

Yogyakarta, Banten, DKI Jakarta, and East Kalimantan [8]. Recurrent flooding events further escalate outbreak 

risks by increasing human exposure to water contaminated by infected animal urine [7], [9]. This high mortality 

and persistent transmission highlight the urgent need for effective, sustainable intervention strategies to mitigate 

the disease's impact. 

http://jurnal.uinsu.ac.id/index.php/zero/index
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Mathematical modeling is widely utilized to analyze the transmission dynamics of infectious diseases, 

including leptospirosis [1], [10]. To evaluate disease persistence and control, several studies have explicitly 

incorporated environmental reservoirs to represent the survival of Leptospira in contaminated water or soil [5], 

[11], [12]. Furthermore, integrating ecological, demographic, and intervention-related factors has been shown to 

improve a model's capacity to represent transmission dynamics and assess potential control strategies [12], [13], 

[14]. Although these approaches enhance our epidemiological understanding through diverse biological 

mechanisms, the optimal model structure remains highly dependent on the specific objectives and underlying 

assumptions of each study. 

While existing models typically isolate control strategies [10], [11], [15] and represent infection as a single 

stage [16], [17] failing to capture how active early-stage individuals contribute to transmission while hospitalized 

severe-stage patients do not this study proposes a unified leptospirosis model integrating temporary vaccination, 

stage-structured human infection, and asymmetric human–rat transmission. Unlike the leptospirosis transmission 

models proposed by Eguda et al. [1] and Engidaet al. [4], which represent human infection using a single 

infectious compartment, the present study explicitly distinguishes early- and severe-stage infections. Furthermore, 

the proposed framework incorporates temporary vaccination with waning immunity into the stage-structured 

transmission model, providing a unified framework for analyzing vaccination and disease progression. 

Furthermore, since human leptospirosis vaccination is not routine in Indonesia and remains limited globally by 

its temporary, serovar-specific protection, the vaccination compartment represents a hypothetical scenario; this 

allows the study to establish a theoretical framework to evaluate how temporary immunity, if available, would 

interact with stage-specific progression to influence transmission, rather than reflecting current public health 

practices. 

This study presents a stage-structured leptospirosis model with vector dynamics and temporary vaccine 

immunity, partitioning humans (susceptible, vaccinated, exposed, two-stage infected, recovered) and vectors 

(susceptible, infected). We analytically derive the disease-free and endemic equilibria, calculate R_0, and prove 

their local stability. Numerical simulations illustrate qualitative dynamics under various intervention regimes, 

offering theoretical insights into combining temporary immunization and stage-specific treatments for integrated 

disease control. 

 

2. RESEARCH METHOD 

2.1 Model Structure 

The leptospirosis framework models the dynamical interactions between human hosts (𝑁ℎ)  and rat vectors 

(𝑁𝑣). Rather than utilizing an explicit compartment, the environmental reservoir is implicitly incorporated into 

the transmission coefficients (𝛽ℎ  and 𝛽𝑣), which directly account for the long-term persistence and survival of 

Leptospira in soil and water. The human population is divided into six compartments: vaccinated (𝑉ℎ), 

susceptible (𝑆ℎ), exposed (𝐸ℎ), first-stage infected (𝐼1), second-stage infected with severe clinical symptoms (𝐼2), 

and recovered (𝑅ℎ), such that 𝑁ℎ(𝑡) = 𝑉ℎ(𝑡) + 𝑆ℎ(𝑡) + 𝐸ℎ(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅ℎ(𝑡). Meanwhile the rat 

vector population consists of susceptible (𝑆𝑣) and infected (𝐼𝑣) compartments, with total population 𝑁𝑣(𝑡) =
𝑆𝑣(𝑡) + 𝐼𝑣(𝑡).  

Based on [1], [10], [18] the model assumes constant natural recruitment for both populations, with a 

proportion of human newborns vaccinated immediately. This vaccine-induced immunity is temporary, eventually 

returning individuals to the susceptible class. Host-vector transmission is indirect, asymmetric, and implicitly 

environmental: humans acquire infection from contaminated water or soil (mitigated by public awareness), while 

susceptible rats are infected solely by pathogens shed by early-stage infected humans (𝐼1). Sequentially, exposed 

humans progress through the exposed (𝐸ℎ), first-stage (𝐼1), and second-stage  (𝐼2) compartments. Only 𝐼1 

individuals contribute to environmental contamination; hospitalized or isolated 𝐼2 patients have a negligible 

transmission impact [19], [20]. Early-stage individuals (𝐼1)either recover or progress to the severe stage (𝐼2). 

Natural mortality applies to all compartments, whereas disease-induced mortality is restricted to infected humans 

and rats. Lastly, recovered humans eventually lose natural immunity, while infected rats remain infectious until 

death, as illustrated in Figure 1. 

 
Figure 1. Compartmental Diagram of Model. 
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2.2 Differential Equation System 

Based on the compartment structure and the biological assumptions, leptospirosis transmission dynamics 

are formulated by the following system of differential equations: 

𝑑𝑉ℎ

𝑑𝑡
= 𝑓𝛬ℎ − (𝜓 + 𝜇ℎ)𝑉ℎ        (1) 

𝑑𝑆ℎ

𝑑𝑡
= (1 − 𝑓)𝛬ℎ + 𝜓𝑉ℎ + 𝜒𝑅ℎ − 𝜇ℎ𝑆ℎ −

(1−𝜃)𝛽ℎ𝑆ℎ𝐼𝑣

𝑁𝑣
     (2) 

𝑑𝐸ℎ

𝑑𝑡
= 

(1−𝜃)𝛽ℎ𝑆ℎ𝐼𝑣

𝑁𝑣
− (𝜇ℎ + 𝛼)𝐸ℎ       (3) 

𝑑𝐼1

𝑑𝑡
= 𝛼𝐸ℎ − (𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎)𝐼1       (4) 

𝑑𝐼2

𝑑𝑡
= 𝜎𝐼1 − (𝜇ℎ + 𝛿2 + 𝜏2)𝐼2       (5) 

𝑑𝑅ℎ

𝑑𝑡
= 𝜏𝐼1 + 𝜏𝐼2 − (𝜒 + 𝜇ℎ)𝑅ℎ       (6) 

𝑑𝑆𝑉

𝑑𝑡
= 𝛬𝑣 − 𝜇𝑣𝑆𝑣 −

𝛽𝑣𝑆𝑣𝐼1

𝑁ℎ
        (7) 

𝑑𝐼𝑉

𝑑𝑡
=

𝛽𝑣𝑆𝑣𝐼1

𝑁ℎ
− (𝜇𝑣 + 𝛿𝑣)𝐼𝑣         (8) 

 

All model parameters are assumed to be non-negative, with their detailed descriptions summarized in Table 1. 
 

 Table 1. Parameter Description 

Parameter   Description 

𝛬ℎ Birth or recruitment rate of human  

𝜇ℎ Natural death rate of all human subclasses 

𝜓 Waning rate of temporary immunity of the vaccinated human 

𝑓 Proportion of vaccinated against leptospirosis disease 

𝛽ℎ Effective contact rate for leptospirosis from vector to human 

𝛽𝑣 Effective contact rate for leptospirosis from human to vector 

𝛼 Progression rate of carrier human into infective subclass 

𝜎 Rate of disease progression 

𝜏1 Recovery rate of human with first stage leptospirosis  

𝜏2 Recovery rate of human with second stage leptospirosis 

𝛿1 First-stage disease-induced mortality rate 

𝛿2 Second-stage disease-induced mortality rate 

𝛿𝑣 Death rate of vector due to leptospirosis disease 

𝜒 Waning rate of natural immunity 

𝜃 Compliance rate to public awareness campaign 

𝛬𝑣 Birth or recruitment rate of vector  

𝜇𝑣 Natural death rate of the vector 

 

2.3 Equilibrium Point  

The long-term dynamics of the proposed leptospirosis model are governed by its equilibrium points [4], 

[21], [22]. The disease-free equilibrium (DFE), representing complete infection eradication obtained by setting 

all infected compartments to zero, and the endemic equilibrium (EE), indicating permanent disease persistence 

evaluated under steady-state propagation. 

  

2.4 Basic Reproduction (𝑹𝟎) 

The basic reproduction number (𝑅0) measures the average secondary infections caused by a single infected 

individual in a fully susceptible population [23], [24]. In this study, the explicit formula for 𝑅0 is analytically 

derived from the DFE using the next-generation matrix method [8]. This threshold dictates that the disease dies 

out asymptotically if R0 < 1, but has the potential to become endemic if R0 > 1 [25].  
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2.5 Sensitivity Analysis of 𝑹𝟎 

To evaluate how individual parameters drive or mitigate the outbreak, a local sensitivity analysis is 

performed on the basic reproduction number (𝑅0). Using the normalized forward sensitivity index (elasticity 

index), the relative change in 𝑅0 with respect to a parameter p is formulated as:  

Υ𝑝
𝑅0 =

𝜕𝑅0

𝜕𝑝
×

𝑝

𝑅0

 

This formulation analytically determines the influence of all 𝑅0 parameters prior to numerical evaluation. 

 

2.6 Linearization & Stability Analysis 

To evaluate local asymptotic stability, the non-linear system (1)–(8) is linearized using the Jacobian matrix 

𝐽(𝑋) [26]. System stability is determined by the signs of the eigenvalues from the characteristic equation| 𝐽(𝑋) −
𝜆𝐼| = 0. Since the two-stage infection structure (𝐼1 and 𝐼2) yields a higher-order characteristic polynomial, 

deriving explicit analytical eigenvalues is highly complex. To circumvent this, the Routh-Hurwitz criterion is 

applied to verify that all roots possess strictly negative real parts without requiring explicit calculations [27]. 

  

2.7 Numerical Simulation 

Numerical simulations are performed in MATLAB using the fourth-order Runge-Kutta method to solve 

the differential system (1)–(8), validating the analytical stability results and visualizing trajectory dynamics [28]. By 

utilizing literature-sourced parameter values, these computational experiments evaluate two primary 

epidemiological scenarios (R0 < 1 and R0 > 1). Ultimately, the simulations illustrate the dynamic impact of 

public health interventions, focusing specifically on human vaccination efficiency and severe-case isolation. 
 

3. RESULT AND ANALYSIS 
3.1 Equilibrium Point  

The equilibrium points of the proposed leptospirosis transmission model are determined by setting all first 

order differential equations to zero:   

𝑑𝑉ℎ

𝑑𝑡
=

𝑑𝑆ℎ

𝑑𝑡
=

𝑑𝐸ℎ

𝑑𝑡
=

𝑑𝐼1
𝑑𝑡

=
𝑑𝐼2
𝑑𝑡

=
𝑑𝑅ℎ

𝑑𝑡
=

𝑑𝑆𝑉

𝑑𝑡
=

𝑑𝐼𝑉
𝑑𝑡

= 0 

These steady states dictate whether the disease will ultimately disappear or permanently persist within the 

population [10]. By setting all infected compartments to zero (𝐸ℎ = 𝐼1 = 𝐼2 = 𝑅ℎ = 𝐼𝑣 = 0), the disease-free 

equilibrium (DFE) is obtained as: 

𝐸0 = (
𝑓𝛬ℎ

(𝜓 + 𝜇ℎ) 
,
𝛬ℎ(𝜓 + 𝜇ℎ − 𝑓𝜇ℎ)

𝜇ℎ(𝜓 + 𝜇ℎ) 
, 0,0,0,0,

𝛬𝑣

𝜇𝑣 
, 0) 

Given that the vaccination fraction satisfies 0 ≤ 𝑓 ≤ 0, the term 𝜓 + 𝜇ℎ(1 − 𝑓) is strictly positive. This 

condition guarantees 𝑆ℎ
0 > 0 across all biological parameter values, ensuring the DFE remains biologically 

meaningful and represents a complete interruption of the transmission chain [13]. 

Furthermore, if the disease persists in the population, the endemic equilibrium point is obtained and 

denoted by  𝐸∗ = (𝑉ℎ
∗, 𝑆ℎ

∗, 𝐸ℎ
∗, 𝐼1

∗
1
, 𝐼2

∗, 𝑅ℎ
∗, 𝑆𝑣

∗, 𝐼𝑣
∗) where :  

Vh
∗ =

𝑓𝛬ℎ

(𝜓+𝜇ℎ) 
;   𝑆ℎ

∗  =
(𝜇ℎ+𝛼)(𝜇ℎ+𝛿1+𝜏1+𝜎)[

𝛬ℎ(𝜇𝑣+ 𝛿𝑣)

𝜇ℎ
+(𝛽𝑣− 

𝜇𝑣+𝛿𝑣
𝜇ℎ

(𝛿1+
𝜎𝛿2

𝜇ℎ+𝛿2+𝜏2
))𝐼1

∗ ]

𝛼(1−𝜃)𝛽ℎ𝛽𝑣
 ; 𝐸ℎ

∗ =
(𝜇ℎ+𝛿1+𝜏1+𝜎)

𝛼
𝐼1
∗;  

𝐼1
∗ =

[
(𝜇ℎ+𝛼)(𝜇ℎ+𝛿1+𝜏1+𝜎)

𝛼
](𝜇ℎ+𝛿𝑣)(

𝛬ℎ
𝜇ℎ 

)−[
𝛬ℎ(𝜓+𝜇ℎ−𝑓𝜇ℎ)

𝜇ℎ(𝜓+𝜇ℎ)
](1−𝜃)𝛽ℎ𝛽𝑣

[
 
 
 

(

 

𝜒𝜏(𝜇ℎ+𝛿2+𝜏1+𝜎)

(𝜒+ 𝜇ℎ)(𝜇ℎ+𝛿2+𝜏2)
−

(𝜇ℎ+𝛼)(𝜇ℎ+𝛿1+𝜏1+𝜎)
𝛼

𝜇ℎ

)

 (1−𝜃)𝛽ℎ−
(𝜇ℎ+𝛼)(𝜇ℎ+𝛿1+𝜏1+𝜎)

𝛼

]
 
 
 

𝛽𝑣+
(𝜇ℎ+𝛼)(𝜇ℎ+𝛿1+𝜏1+𝜎)(𝜇𝑣+𝛿𝑣)

𝛼𝜇ℎ
[𝛿1+

𝜎𝛿2
𝜇ℎ+𝛿2+𝜏2

 ] 

;  

𝐼2
∗ =

𝜎𝐼1
∗

𝜇ℎ+𝛿2+𝜏2
 ;  𝑅ℎ

∗ =
𝜏

𝜒+ 𝜇ℎ
(1 +

𝜎

𝜇ℎ+𝛿2+𝜏2
) 𝐼1

∗; 𝑆𝑣
∗ =

𝛬𝑣[(
𝛬ℎ
𝜇ℎ

−
1

𝜇ℎ
(𝛿1+

𝜎𝛿2
𝜇ℎ+𝛿2+𝜏2

 )𝐼1
∗)]

𝜇𝑣[𝜇ℎ(
𝛬ℎ
𝜇ℎ

−
1

𝜇ℎ
(𝛿1+

𝜎𝛿2
𝜇ℎ+𝛿2+𝜏2

 )𝐼1
∗)+𝛽𝑣𝐼1

∗]
 ; 
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𝐼𝑣
∗ =

𝛽𝑣𝛬𝑣𝐼1
∗

(𝜇𝑣 + 𝛿𝑣) [𝜇𝑣 (
𝛬ℎ

𝜇ℎ
−

1
𝜇ℎ

(𝛿1 +
𝜎𝛿2

𝜇ℎ + 𝛿2 + 𝜏2
 ) 𝐼1

∗) + 𝛽𝑣𝐼1
∗]

 

If the infection persists, the endemic equilibrium (𝐸∗) is obtained, signifying permanent disease persistence 

driven by continuous host-vector interactions [3], [29]. The mathematical validity of the coordinate components 

for 𝐸∗ is verified via direct substitution into the state equations (1)-(8) under steady-state conditions. Crucially, 

only first-stage infected individuals (𝐼1) contribute to vector transmission, as severe second stage individuals (𝐼2) 

are assumed to be isolated or hospitalized, preventing further vector contact [16]. The local asymptotic stability 

of these steady states is evaluated using the Jacobian matrix and the Routh–Hurwitz criterion, establishing that 

the DFE stable if 𝑅0 < 1, while 𝐸∗ exists and stabilizes when 𝑅0 > 1 [15], both of which are subsequently 

validated via numerical simulations. 

  

3.2 Local Stability of Disease-Free & Endemic Equilibria 

The disease-free equilibrium (𝐸0) is locally asymptotically stable if all eigenvalues of its corresponding 

Jacobian matrix possess strictly negative real parts. Biologically, this stability ensures the system suppresses minor 

epidemiological perturbations, allowing the population to return to a completely healthy state. These eigenvalues 

are determined by evaluating the Jacobian matrix partial derivatives at the 𝐸0 coordinates. 

𝐸0 = (
𝑓𝛬ℎ

(𝜓 + 𝜇ℎ) 
,
𝛬ℎ(𝜓 + 𝜇ℎ − 𝑓𝜇ℎ)

𝜇ℎ(𝜓 + 𝜇ℎ) 
, 0,0,0,0,

𝛬𝑣

𝜇𝑣 
, 0) 

The Jacobian matrix obtained from equation (1)-(8) is as follows: 

 𝐽(𝐸0) =

[
 
 
 
 
 
 
 
 
 
 
 
−𝜓 − 𝜇ℎ 0 0 0 0 0 0 0

𝜓 −𝜇ℎ 0 0 0 𝜒 0 −
(1−𝜃)𝛽ℎ𝑆ℎ

0

𝑁𝑣
0

0 0 −𝜇ℎ − 𝛼 0 0 0 0
(1−𝜃)𝛽ℎ𝑆 ℎ

0

𝑁𝑣
0

0 0 𝛼 −𝜇ℎ − 𝛿1 − 𝜏1 − 𝜎 0 0 0 0
0 0 0 𝜎 −𝜇ℎ − 𝛿2 − 𝜏2 0 0 0
0 0 0 𝜏 0 −𝜒 − 𝜇ℎ 0 0

0 0 0 −
𝛽𝑣𝑆𝑣

0

𝑁ℎ
0 0 0 −𝜇𝑣 0

0 0 0
𝛽𝑣𝑆𝑣

0

𝑁ℎ
0 0 0 0 −𝜇𝑣 − 𝛿𝑣 ]

 
 
 
 
 
 
 
 
 
 
 

 

From this Jacobian matrix can be directly obtained five eigenvalues, which are explicitly written as:  

𝜆1 = −𝜓−𝜇ℎ, 𝜆2 = −𝜇ℎ, 𝜆3 = −𝜇ℎ − 𝛿2 − 𝜏2, 𝜆4 = −𝜒 − 𝜇ℎ, 𝜆5 = −𝜇𝑣. 

Since all biological parameters are strictly positive, the eigenvalues 𝜆1, 𝜆2, 𝜆3, 𝜆4, and 𝜆5 clearly have negative 

real parts. The remaining three eigenvalues 𝜆6, 𝜆7, and 𝜆8, which govern the primary host-vector disease 

transmission, are determined from a smaller sub-matrix block, yielding the following third-degree characteristic 

polynomial:  

𝜆3 + 𝑎2 𝜆
2 + 𝑎1 𝜆 + 𝑎0 = 0. 

Where the polynomial coefficients 𝑎2, 𝑎1, and 𝑎0 are derived from the trace and determinant properties of 

the remaining subsystem matrix: 

𝑎2 = 𝜇𝑣 + 𝛿𝑣 + 2𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎 + 𝛼,          (9) 

𝑎1 = 𝛼𝛿𝑣 + 𝛼𝛿1 + 𝛼𝜇𝑣 + 𝜇ℎ 𝛼 + 𝛼𝜎 + 𝛼𝜏1 + 𝛿𝑣𝛿1 + 2𝜇ℎ 𝛿𝑣 + 𝛿𝑣 𝜎 + 𝛿𝑣 𝜏1 + 𝛿1 𝜇𝑣 + 𝜇ℎ 𝛿1 + 2𝜇ℎ 𝜇𝑣 +
𝜇𝑣 𝜎 + 𝜇ℎ

2 + 𝜇ℎ 𝜎 + 𝜏1𝛼,          (10) 

𝑎0 =
1

𝜓+𝜇ℎ
 (−𝛼𝛽𝑣 𝛽ℎ𝑓𝜇ℎ𝜃 + 𝛼𝛽𝑣𝑓𝜇ℎ + 𝛼𝛽𝑣𝛽ℎ  𝜇ℎ𝜃 + 𝛼𝛽𝑣𝛽ℎ  𝜓𝜃 − 𝛼𝛽𝑣 𝛽ℎ 𝜇ℎ − 𝛼𝛽𝑣𝛽ℎ 𝜓 + 𝛼𝛿𝑣 𝛿1 𝜇ℎ +

𝛼𝛿𝑣 𝛿1𝜓 + 𝛼𝛿𝑣𝜇ℎ
2 + 𝛼𝛿𝑣𝜇ℎ𝜓 + 𝛼𝛿𝑣𝜇ℎ𝜎 + 𝛼𝛿𝑣𝜇ℎ𝜏1 + 𝛼𝛿𝑣𝜓𝜎 + 𝛼𝛿𝑣𝜓𝜏1 + 𝛼𝛿1 𝜇𝑣𝜇ℎ + 𝛼𝛿11 𝜇𝑣 𝜓 +
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𝛼𝜇𝑣𝜇ℎ
2 + 𝛼𝜇𝑣𝜇ℎ𝜓 + 𝛼𝜇𝑣𝜇ℎ𝜎 + 𝛼𝜇𝑣𝜇ℎ𝜏1 + 𝛼𝜇𝑣𝜓𝜎 + 𝛼𝜇𝑣𝜓𝜏1 + 𝛿𝑣𝛿1𝜇ℎ

2 + 𝛿𝑣 𝛿1 𝜓 + 𝜇ℎ
3 + 𝛿𝑣 𝜇ℎ

2 𝜓 +
𝛿𝑣 𝜇ℎ

2 𝜎 + 𝛿𝑣𝜇ℎ
2𝜏1 + 𝛿𝑣𝜇ℎ𝜓𝜎 + 𝛿𝑣𝜇ℎ𝜓𝜏1 + 𝛿1𝜇𝑣𝜇ℎ

2 + 𝛿1 𝜇𝑣 𝜇ℎ 𝜓 + 𝜇𝑣𝜇ℎ
3 + 𝜇𝑣𝜇ℎ

2𝜓 − 𝜇𝑣  𝜇ℎ
2 𝜎 + 𝜇𝑣𝜇ℎ

2 𝜏1 +
𝜇𝑣 𝜇ℎ 𝜓𝜎 + 𝜇𝑣 𝜇ℎ 𝜓𝜏1),          (11) 

 Based on the Routh-Hurwitz criterion, the remaining eigenvalues 𝜆6, 𝜆7, and 𝜆8 possess negative real parts 

because the derived polynomial coefficients satisfy 𝑎2 > 0, 𝑎0 > 0 and 𝑎2𝑎1 − 𝑎0 > 0. Algebraically, 𝑎2 > 0 is 
automatically satisfied since all biological parameters are positive, while 𝑎0 remains strictly positive if and only 

if 𝑅0 < 1, which concurrently guarantees the requirement 𝑎2 𝑎1 − 𝑎0 > 0.  This confirms that the disease-free 

equilibrium (𝐸0) is locally asymptotically stable when  𝑅0 < 1. Conversely, if  𝑅0 > 1, 𝐸0 becomes unstable, and 

the system transitions to the endemic equilibrium (𝐸∗). 
 An analytical Routh-Hurwitz proof for the endemic equilibrium is mathematically intractable due to the 

highly complex system of eight coupled nonlinear state variables. Instead, local stability was assessed numerically 

using Table 2 parameters; the resulting eigenvalues all possess strictly negative real parts, confirming local 

asymptotic stability. Consequently, this stability conclusion remains parameter-dependent rather than a general 

analytical proof for all biologically feasible values. 

 

3.3 Basic Reproduction Number (𝑹𝟎) 

 The basic reproduction number (𝑅0) is determined using the Next Generation Matrix (NGM) method. 

Focusing on the infected compartments: 𝐸ℎ , 𝐼1, 𝐼2 and 𝐼𝑣 . Linearizing the system at the Disease-Free Equilibrium 

(DFE) yields the new infections (Matrix 𝐹) and the transition (Matrix 𝑉) are constructed as follows:  

𝐹 =

[
 
 
 
 0 0 0

(1−𝜃)𝛽ℎ𝑆ℎ

𝑁𝑣

0 0 0 0
0 0 0 0

0
𝛽𝑣𝑆𝑣

𝑁ℎ
0 0 ]

 
 
 
 

 , and   𝑉 = [

(𝜇ℎ + 𝛼) 0 0 0

−𝛼 (𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎) 0 0
0 −𝜎 (𝜇ℎ + 𝛿2 + 𝜏2) 0

0 0 0 (𝜇𝑣 + 𝛿𝑣)

].  

 The inverse of matrix 𝑉 is constructed as follows:  

𝑉−1         

=

[
 
 
 
 
 
 
 
 

1

𝜇ℎ + 𝛼
0 0 0

𝛼

(𝜇ℎ + 𝛼)(𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎)

1

𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎
0 0

𝛼𝜎

(𝜇ℎ + 𝛼)(𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎)(𝜇ℎ + 𝛿2 + 𝜏2)

𝜎

(𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎)(𝜇ℎ + 𝛿2 + 𝜏2)

1

𝜇ℎ + 𝛿2 + 𝜏2

0

0 0 0
1

𝜇𝑣 + 𝛿𝑣]
 
 
 
 
 
 
 
 

 

 The 𝑅0 is defined as the spectral radius of the next generation operator, 𝐾 = 𝐹𝑉−1. By evaluating 

𝜌 (𝐹𝑉−1), the basic reproduction number is explicitly given by: 

𝑅0 = 𝜌 (𝐹𝑉−1) = √
𝛼(1 − 𝜃)𝛽ℎ𝛽𝑣(𝜇ℎ + 𝜓 − 𝑓𝜇ℎ)

(𝜇ℎ + 𝛼)(𝜇𝑣 + 𝛿𝑣)(𝜇ℎ + 𝛿1 + 𝜏1 + 𝜎)(𝜓 + 𝜇ℎ)
 

 As a threshold parameter, the basic reproduction number (𝑅0) determines the transmission potential of 

leptospirosis: if 𝑅0<1, the disease-free equilibrium is stable and the infection gradually disappears, whereas if 

𝑅0>1, the disease persists. The obtained expression indicates that increasing the transmission rates 𝛽ℎ and 𝛽𝑣 

leads to a higher value of 𝑅0, thereby enhancing disease spread. In contrast, increasing vaccination coverage (𝑓), 

public awareness compliance (𝜃), and the recovery rate reduces the value of 𝑅0, suggesting that these interventions 

play an important role in controlling leptospirosis transmission.  
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3.4 Numerical Simulation 

 Numerical simulations in MATLAB R2024a investigate leptospirosis transmission dynamics under 

vaccination and preventive behavioral interventions. Parameters are sourced from literature and official 

demographic reports, with remaining values estimated within biologically plausible ranges to initially simulate the 

Disease-Free Equilibrium (DFE) scenario. 

Table 2. Parameter Values Used in Simulation 

Parameter Mark Dimensions Reference 

𝛬ℎ 20 /day [6] 

𝜇ℎ 0.02 /day [6] 

𝜓 0.10 /day [1] 

𝑓 0.80 dimensionless [1] 

𝛽ℎ 0.10 /day [30] 

𝛽𝑣 0.10 /day [22] 

𝛼 0.25 /day [4] 

𝜎 0.15 /day [1] 

𝜏1 0.10 /day [31] 

𝜏2 0.047 /day Assumed 

𝛿1 0.001 /day [4] 

𝛿2 0.015 /day [31] 

𝛿𝑣 0.010 /day [31] 

𝜒 0.05 /day [5] 

𝜃 0.40 dimensionless [1] 

𝜇𝑣 0.02 /day [12] 

𝛬𝑣 20 /day calculated 

 

Using MATLAB R2024a and the parameter values from Table 2, numerical simulations were conducted 

with initial condition 𝑉(0) = 50, 𝑆ℎ(0) = 600, 𝐸ℎ(0) = 30, 𝐼1(0) = 30, 𝐼2(0) = 20, 𝑅ℎ(0) = 15, 𝑆𝑣 =
800.  𝐼𝑣 = 100. Evaluating the Jacobian matrix at the disease-free equilibrium (DFE) yields five negative 

eigenvalues:  𝜆1 = −0.12, 𝜆2 = −0.02, 𝜆3 = −0.082, 𝜆4 = −0.07, 𝜆5 = −0.02, with the remaining stability 

governed by a third-order characteristic polynomial (9)-(11). The polynomial coefficients are calculated as  𝑎2 =
0.67, 𝑎1 = 0.1416, and  𝑎0 = 0.0077. According to the Routh-Hurwitz criterion, since   𝑎2 > 0, 𝑎0 > 0, and  

𝑎2𝑎1 − 𝑎0 = 0.0871 > 0, it is guaranteed that the remaining three eigenvalues also have negative real parts. 

Consequently, with  𝑅0 = 0.7696 < 1, the DFE is proven to be locally asymptotically stable. Conversely, the 

parameter values in Table 2 were used with modification were made to 𝑓 = 0.15, 𝛽ℎ = 0.66, 𝜃 = 0.10 and 

based on calculation result using Routh-Hurwitz criteria, the basic reproduction number is 𝑅0 = 6.009. 
Evaluating the Jacobian matrix at the endemic equilibrium using the parameters in Table 2 yields eigenvalues 

with strictly negative real parts, numerically confirming its local asymptotic stability. 

 
 (a) 

 
(b) 

Figure 2. Numerical simulation of the leptospirosis model over time showing. 

Panel (a) shows trajectories approaching the endemic equilibrium (EE).  

Panel (b) shows trajectories approaching the disease-free equilibrium (DFE). 

Numerical simulations were conducted over a 300-day period using the parameters listed in Table 2 to 

validate the analytical results (Figure 2). In figure 2(a), demonstrates the model trajectories approaching the 

endemic equilibrium (EE). Following a brief transient period, all state variables specifically the infected and 

exposed compartments (𝐸ℎ , 𝐼1, 𝐼2, 𝑎𝑛𝑑 𝐼𝑣) stabilize at constant positive values, confirming permanent disease 
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persistence in both human and vector populations. Meanwhile, figure 2(b) illustrates the trajectories approaching 

the disease-free equilibrium (DFE). In this scenario, the exposed, early-stage infected, severe-stage infected, and 

infected vector populations gradually decay to zero, while the vaccinated and susceptible populations stabilize at 

their non-zero steady-state levels. These numerical outcomes are fully consistent with the analytical stability 

properties established for both equilibria. 

 
(a) 

 
(b) 

Figure 3. Impact of vaccination coverage on leptospirosis dynamics. 

Panel (a) shows low vaccination rate (𝑓 = 0.15). 
Panel (b) shows high vaccination rate (𝑓 = 0.80). 

Figure 3 illustrates the impact of vaccination coverage (𝑓) on leptospirosis dynamics. In Figure 3(a), low 

coverage (𝑓 = 0.15) fails to suppress transmission, allowing both infected classes (𝐼1 and 𝐼2)  to persist. 

Conversely, increasing coverage to to 𝑓 = 0.80  in Figure 3(b) rapidly elevates the vaccinated population and 

drives both infected classes toward zero, demonstrating that vaccination effectively prevents new infections and 

limits clinical progression to severe stages. Rather than conducting an exhaustive sweep, these two representative 

scenarios illustrate the qualitative transition between disease persistence and elimination, leaving a broader 

exploration of vaccination (𝑓) and public awareness (𝜃) for future work. Ultimately, higher vaccination coverage 

is shown to be highly effective in driving the system toward a disease-free state.  

 

3.5 Sensitivity Analysis of 𝑹𝟎  

By substituting the parameter values from Table 2 into the analytical derivative formulas, the numerical 

sensitivity indices for 𝑅0 are obtained. The calculation results and their corresponding magnitude rankings are 

summarized in Table 3.  

Table 3. Sensitivity indices of model parameters relative to 𝑅0 

Parameter Mark Sensitivity Index 

𝜇ℎ 0.02 -0.1380 

𝜓 0.10 +0.0370 

𝑓 0.80 -0.0769 

𝛽ℎ 0.10 +0.50000 

𝛽𝑣 0.10 +0.50000 

𝛼 0.25 +0.0370 

𝜎 0.15 -0.2768 

𝜏1 0.10 -0.1845 

𝛿1 0.001 -0.0018 

𝛿𝑣 0.010 -0.1667 

𝜃 0.40 -0.3333 

𝜇𝑣 0.02 -0.3333 

The sign of the sensitivity index determines the proportional relationship between the model parameters 

and the basic reproduction number (𝑅0).  where positive and negative signs indicate direct and inverse 

proportions, respectively. Host-vector transmission rates (𝛽ℎ and 𝛽𝑣) exert the strongest positive impact of 

(+0.5000), where a 10% increase raises 𝑅0 by 5%, thereby amplifying the transmission potential of leptospirosis. 

Other parameters showing positive correlations include the environmental carrier rate (𝜓 =  +0.0641) and the 

transition rate to the infectious class (𝛼 =  +0.0370). Conversely, parameters with negative indices share an 

inverse relationship with 𝑅0 and serve as inhibitors of the epidemic. The public awareness compliance rate (𝜃) 

and the natural vector mortality rate (𝜇𝑣) yield the highest negative sensitivity index of −0.3333. 
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Epidemiologically, a 10% improvement in public behavioral adherence or vector control interventions will reduce 

𝑅0 by 3.33%. Additionally, the clinical isolation rate of the severe stage (𝜎 =  −0.2768) and the recovery rate 

of the first infectious stage (𝜏1  =  −0.1845) also demonstrate substantial mitigation capabilities. Under the 

current baseline scenario, the vaccination coverage (𝑓 =  −0.0769) and the natural human mortality rate (𝜇ℎ =
 −0.1380) show minor relative mitigation effects on the threshold parameter. 

 

3.6 Discussion  

The proposed stage-structured model confirms that the basic reproduction number 𝑅0  governs the local 

stability of the disease-free (𝐸0) and endemic (𝐸∗) equilibria. While previous leptospirosis models proposed by 

Eguda et al. [1] and Engida et al. [4] primarily represented human infection using a single infectious compartment, 

the present study integrates temporary vaccination with waning immunity and a two-stage clinical progression into 

a unified analytical framework. 

Although contact rates (𝛽ℎ , 𝛽𝑣) primary drives of 𝑅0, numerical results demonstrate that combining 

vaccination (𝑓) and public awareness compliance (𝜃) effectively suppresses infection levels. Specifically, 

weakening these interventions (reducing 𝑓 to 0.15, increasing 𝛽ℎ to 0.66, and lowering 𝜃 to 0.10) causes 𝑅0 to 

rise 6.009, severely worsening endemic conditions. From a public health perspective, these findings highlight the 

necessity of integrated mitigation measures: sustained high vaccination coverage (𝑓 ≥ 0.80) must be paired with 

strong community adherence to preventive practices, timely medical treatment, environmental sanitation, and 

active rodent control programs to disrupt transmission pathways in endemic areas. 

This study provides qualitative theoretical insights under constant transmission rates rather than exact 

empirical predictions. Due to the high dimensionality of the eight-dimensional nonlinear system, analytical proofs 

for the local stability of the endemic equilibrium and global asymptotic stability (GAS) are mathematically 

intractable. The complex host-vector cross-transmission feedback loops prevent standard linear or Volterra-type 

Lyapunov functions from achieving definitive negative semi-definiteness, requiring local stability to be verified 

numerically. Future research will focus on calibrating the model against empirical epidemiological data and 

incorporating seasonal hydroclimatic variables, such as rainfall and flooding frequencies, to better evaluate long-

term leptospirosis dynamics. 

 

4. CONCLUSION 
This study developed a stage-structured compartmental model integrating temporary vaccine-induced 

immunity and two-stage clinical treatments for leptospirosis. The analytical framework confirms that long-term 

transmission dynamics are governed by the basic reproduction number 𝑅0, where reducing 𝑅0 < 1 ensures the 

local stability of the disease-free equilibrium and pathogen eradication. Numerical simulations executed in 

MATLAB using baseline parameters yielded 𝑅0 = 0.7696, demonstrating that high vaccination coverage and 

strong public awareness compliance can successfully eliminate the infection. Conversely, weakening these 

interventions (𝑓 =  0.15, 𝛽ℎ  =  0.66, 𝑎𝑛𝑑 𝜃 =  0.10) drives 𝑅0 up to 6.009, causing the disease to persist 

endemically.  

Because human leptospirosis vaccines are not currently deployed at scale, the high-coverage simulation 

serves as a theoretical counterfactual to establish the mathematical bounds of potential immunization. Since the 

vaccine is not an active policy option, practical public health strategies must prioritize immediate environmental 

sanitation and rodent control to suppress the dominant transmission rate 𝛽ℎ. Crucially, because this framework 

utilizes literature-based parameters, these mathematical findings offer qualitative theoretical insights into 

transmission dynamics rather than exact epidemiological predictions. Consequently, these results should be 

interpreted by policy-makers as strategic guidelines for designing integrated interventions rather than precise 

quantitative forecasts. 

While this study provides essential baseline dynamics, it is restricted to local stability analysis under constant 

transmission rates without empirical calibration. Future research will address these limitations by developing 

global asymptotic stability proofs, executing parameter estimation using real-world surveillance data, and 

incorporating seasonal hydroclimatic factors such as rainfall and flooding frequencies to enhance the predictive 

capability and practical applicability of the model. 
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    N h  ( t ) =   V h  ( t ) +   S h  ( t ) +   E h  ( t ) +   I 1  ( t ) +   I 2  ( t ) +   R h  ( t )


    ( S  v )


    ( I  v )


    N  v  ( t ) =   S  v ( t ) +   I  v ( t )


   (   I 1 ) .  


   (   E h )


   (   I 1 )


   (   I 2 )  


      I 1


    I 2  


   (   I 1 )


   (   I 2 )


    d   V h  d t = f   𝛬 h −  ( 𝜓 +   𝜇 h )   V h


    d   S h  d t =   ( 1 − f )   𝛬 h + 𝜓   V h + 𝜒   R h −   𝜇 h   S h −    ( 1 − 𝜃 )   𝛽 h   S h   I  v    N  v


    d   E h  d t =      ( 1 − 𝜃 )   𝛽 h   S h   I  v    N  v −  (   𝜇 h + 𝛼 )   E h


    d   I 1  d t = 𝛼   E h − (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )   I 1


    d   I 2  d t = 𝜎   I 1 − (   𝜇 h +   𝛿 2 +   𝜏 2 )   I 2


    d   R h  d t = 𝜏   I 1 + 𝜏   I 2 −  ( 𝜒 +   𝜇 h )   R h


    d   S  V  d t =     𝛬  v −   𝜇  v   S  v −     𝛽  v   S  v   I 1    N h


    d   I  V  d t =     𝛽  v   S  v   I 1    N h −  (   𝜇  v +   𝛿  v )   I  v


  (   𝑹  𝟎 )


    𝑹  𝟎


    𝛬 h


    𝜇 h


  𝜓


  f


    𝛽 h


    𝛽  v


  𝛼


  𝜎


    𝜏 1


    𝜏 2


    𝛿 1


    𝛿 2


    𝛿  v


  𝜒


  𝜃


    𝛬  v


    𝜇  v


  (   R 0 )


    R 0


   R 0 < 1


   R 0 > 1


    ( R 0 )


    R 0  


  p


   Υ  p    R 0 =   𝜕   R 0  𝜕 p ×   p    R 0


    R 0  


  J  ( X )  


    J ( X ) − 𝜆 I | = 0


    ( I 1  


    I 2 )


   R 0 < 1


   R 0 > 1 ) .


    𝑹  𝟎


    𝑹  𝟎


    d   V h  d t =   d   S h  d t =   d   E h  d t =   d   I 1  d t =   d   I 2  d t =   d   R h  d t =   d   S  V  d t =   d   I  V  d t = 0


  (   E h =   I 1 =   I 2 =   R h =   I  v = 0 )


    E 0 =  (   f   𝛬 h  ( 𝜓 +   𝜇 h )   ,     𝛬 h ( 𝜓 +   𝜇 h − f   𝜇 h )    𝜇 h ( 𝜓 +   𝜇 h )   , 0 , 0 , 0 , 0 ,     𝛬  v    𝜇  v   , 0 )


  0 ≤ f ≤ 0


  𝜓 +   𝜇 h ( 1 − f )


    S h 0 > 0


    E ∗ = (     V h ∗ ,       S h ∗ ,     E h ∗ ,       I 1 ∗ 1 ,     I 2 ∗ ,     R h ∗ ,     S  v ∗ ,     I  v ∗ )  


   V h ∗ =   f   𝛬 h  ( 𝜓 +   𝜇 h )  


            S h ∗   =    (   𝜇 h + 𝛼 )  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  [     𝛬 h  (   𝜇  v +     𝛿  v )    𝜇 h +  (   𝛽  v −       𝜇  v +   𝛿  v    𝜇 h  (   𝛿 1 +   𝜎   𝛿 2    𝜇 h +   𝛿 2 +   𝜏 2 ) )   I 1 ∗   ]  𝛼  ( 1 − 𝜃 )   𝛽 h   𝛽  v


    E h ∗ =   (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  𝛼   I 1 ∗


    I 1 ∗ =    [    (   𝜇 h + 𝛼 )  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  𝛼 ]  (   𝜇 h +   𝛿  v )  (     𝛬 h    𝜇 h   ) −  [     𝛬 h  (   𝜓 + 𝜇 h − f   𝜇 h )    𝜇 h ( 𝜓 +   𝜇 h ) ]  ( 1 − 𝜃 )   𝛽 h   𝛽  v   [  (     𝜒 𝜏  (   𝜇 h +   𝛿 2 +   𝜏 1 + 𝜎 )   ( 𝜒 +     𝜇 h )  (   𝜇 h +   𝛿 2 +   𝜏 2 ) −    (   𝜇 h + 𝛼 )  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  𝛼    𝜇 h )  ( 1 − 𝜃 )   𝛽 h −    (   𝜇 h + 𝛼 )  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  𝛼 ]   𝛽  v +    (   𝜇 h + 𝛼 )  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  (   𝜇  v +   𝛿  v )  𝛼   𝜇 h  [   𝛿 1 +   𝜎   𝛿 2    𝜇 h +   𝛿 2 +   𝜏 2   ]  


    I 2 ∗ =   𝜎   I 1 ∗    𝜇 h +   𝛿 2 +   𝜏 2   ;     R h ∗ =   𝜏  𝜒 +     𝜇 h  ( 1 +   𝜎    𝜇 h +   𝛿 2 +   𝜏 2 )   I 1 ∗


    S  v ∗ =     𝛬  v  [  (     𝛬 h    𝜇 h −  1    𝜇 h  (   𝛿 1 +     𝜎 𝛿 2    𝜇 h +   𝛿 2 +   𝜏 2   )   I 1 ∗ ) ]    𝜇  v  [   𝜇 h  (     𝛬 h    𝜇 h −  1    𝜇 h  (   𝛿 1 +     𝜎 𝛿 2    𝜇 h +   𝛿 2 +   𝜏 2   )   I 1 ∗ ) +   𝛽  v   I 1 ∗ ]   ;


    I  v ∗ =     𝛽  v   𝛬  v   I 1 ∗  (   𝜇  v +   𝛿  v )  [   𝜇  v  (     𝛬 h    𝜇 h −  1    𝜇 h  (   𝛿 1 +     𝜎 𝛿 2    𝜇 h +   𝛿 2 +   𝜏 2   )   I 1 ∗ ) +   𝛽  v   I 1 ∗ ]


    ( E ∗ )


      E ∗


  (   I 1 )


  (   I 2 )


    R 0 < 1


    E ∗


    R 0 > 1


    E 0 )  


    E 0  


    E 0 =  (   f   𝛬 h  ( 𝜓 +   𝜇 h )   ,     𝛬 h ( 𝜓 +   𝜇 h − f   𝜇 h )    𝜇 h ( 𝜓 +   𝜇 h )   , 0 , 0 , 0 , 0 ,     𝛬  v    𝜇  v   , 0 )


  J (   E 0 ) =  [    − 𝜓 −   𝜇 h  0  0  0  0  0  0  0   𝜓  −   𝜇 h  0  0  0  𝜒  0  −   ( 1 − 𝜃 )   𝛽 h   S h 0    N  v 0   0  0  −   𝜇 h − 𝛼  0  0  0  0    ( 1 − 𝜃 )   𝛽 h   S    h 0    N  v 0   0  0  𝛼  −   𝜇 h −   𝛿 1 −   𝜏 1 − 𝜎  0  0  0  0   0  0  0  𝜎  −   𝜇 h −   𝛿 2 −   𝜏 2  0  0  0   0  0  0  𝜏  0  − 𝜒 −   𝜇 h  0  0   0  0  0  −     𝛽  v   S  v 0    N h 0  0  0  −   𝜇  v  0   0  0  0      𝛽  v   S  v 0    N h 0  0  0  0  −   𝜇  v −   𝛿  v ]


    𝜆 1 = − 𝜓   − 𝜇 h ,     𝜆 2 = −   𝜇 h ,     𝜆 3 = −   𝜇 h −   𝛿 2 −   𝜏 2 ,   𝜆 4 = − 𝜒 −   𝜇 h ,   𝜆 5 = −   𝜇  v


    𝜆 1 ,   𝜆 2 ,   𝜆 3 ,   𝜆 4 ,


    𝜆 5


    𝜆 6 ,   𝜆 7 ,


    𝜆 8


    𝜆 3 +   a 2     𝜆 2 +   a 1   𝜆 +   a 0 = 0 .


    a 2 ,     a 1


    a 0  


    a 2 =   𝜇  v +   𝛿  v + 2   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 + 𝛼


    a 1 = 𝛼   𝛿  v + 𝛼   𝛿 1 + 𝛼   𝜇  v +   𝜇 h   𝛼 + 𝛼 𝜎 + 𝛼   𝜏 1 +   𝛿  v   𝛿 1 + 2   𝜇 h     𝛿  v +   𝛿  v   𝜎 +   𝛿  v     𝜏 1 +   𝛿 1     𝜇  v +   𝜇 h     𝛿 1 + 2   𝜇 h     𝜇  v +   𝜇  v   𝜎 +   𝜇 h 2 +   𝜇 h   𝜎 +   𝜏 1 𝛼 ,


    a 0 =  1  𝜓 +   𝜇 h   ( − 𝛼   𝛽  v     𝛽 h f   𝜇 h 𝜃 + 𝛼   𝛽  v f   𝜇 h + 𝛼   𝛽  v   𝛽 h     𝜇 h 𝜃 + 𝛼   𝛽  v   𝛽 h   𝜓 𝜃 − 𝛼   𝛽  v     𝛽 h     𝜇 h − 𝛼   𝛽  v   𝛽 h   𝜓 + 𝛼   𝛿  v     𝛿 1     𝜇 h + 𝛼   𝛿  v     𝛿 1 𝜓 + 𝛼   𝛿  v   𝜇 h 2 + 𝛼   𝛿  v   𝜇 h 𝜓 + 𝛼   𝛿  v   𝜇 h 𝜎 + 𝛼   𝛿  v   𝜇 h   𝜏 1 + 𝛼   𝛿  v 𝜓 𝜎 + 𝛼   𝛿  v 𝜓   𝜏 1 + 𝛼   𝛿 1     𝜇  v   𝜇 h + 𝛼   𝛿 1 1     𝜇  v   𝜓 + 𝛼   𝜇  v   𝜇 h 2 + 𝛼   𝜇  v   𝜇 h 𝜓 + 𝛼   𝜇  v   𝜇 h 𝜎 + 𝛼   𝜇  v   𝜇 h   𝜏 1 + 𝛼   𝜇  v 𝜓 𝜎 + 𝛼   𝜇  v 𝜓   𝜏 1 +   𝛿  v   𝛿 1   𝜇 h 2 +   𝛿  v     𝛿 1   𝜓 +   𝜇 h 3 +   𝛿  v     𝜇 h 2   𝜓 +   𝛿  v     𝜇 h 2   𝜎 +   𝛿  v   𝜇 h 2   𝜏 1 +   𝛿  v   𝜇 h 𝜓 𝜎 +   𝛿  v   𝜇 h 𝜓   𝜏 1 +   𝛿 1   𝜇  v   𝜇 h 2 +   𝛿 1     𝜇  v     𝜇 h   𝜓 +   𝜇  v   𝜇 h 3 +   𝜇  v   𝜇 h 2 𝜓 −   𝜇  v     𝜇 h 2   𝜎 +   𝜇  v   𝜇 h 2     𝜏 1 +   𝜇  v     𝜇 h   𝜓 𝜎 +   𝜇  v     𝜇 h   𝜓   𝜏 1 ) ,


    a 0 =  1  𝜓 +   𝜇 h   ( − 𝛼   𝛽  v     𝛽 h f   𝜇 h 𝜃 + 𝛼   𝛽  v f   𝜇 h + 𝛼   𝛽  v   𝛽 h     𝜇 h 𝜃 + 𝛼   𝛽  v   𝛽 h   𝜓 𝜃 − 𝛼   𝛽  v     𝛽 h     𝜇 h − 𝛼   𝛽  v   𝛽 h   𝜓 + 𝛼   𝛿  v     𝛿 1     𝜇 h + 𝛼   𝛿  v     𝛿 1 𝜓 + 𝛼   𝛿  v   𝜇 h 2 + 𝛼   𝛿  v   𝜇 h 𝜓 + 𝛼   𝛿  v   𝜇 h 𝜎 + 𝛼   𝛿  v   𝜇 h   𝜏 1 + 𝛼   𝛿  v 𝜓 𝜎 + 𝛼   𝛿  v 𝜓   𝜏 1 + 𝛼   𝛿 1     𝜇  v   𝜇 h + 𝛼   𝛿 1 1     𝜇  v   𝜓 + 𝛼   𝜇  v   𝜇 h 2 + 𝛼   𝜇  v   𝜇 h 𝜓 + 𝛼   𝜇  v   𝜇 h 𝜎 + 𝛼   𝜇  v   𝜇 h   𝜏 1 + 𝛼   𝜇  v 𝜓 𝜎 + 𝛼   𝜇  v 𝜓   𝜏 1 +   𝛿  v   𝛿 1   𝜇 h 2 +   𝛿  v     𝛿 1   𝜓 +   𝜇 h 3 +   𝛿  v     𝜇 h 2   𝜓 +   𝛿  v     𝜇 h 2   𝜎 +   𝛿  v   𝜇 h 2   𝜏 1 +   𝛿  v   𝜇 h 𝜓 𝜎 +   𝛿  v   𝜇 h 𝜓   𝜏 1 +   𝛿 1   𝜇  v   𝜇 h 2 +   𝛿 1     𝜇  v     𝜇 h   𝜓 +   𝜇  v   𝜇 h 3 +   𝜇  v   𝜇 h 2 𝜓 −   𝜇  v     𝜇 h 2   𝜎 +   𝜇  v   𝜇 h 2     𝜏 1 +   𝜇  v     𝜇 h   𝜓 𝜎 +   𝜇  v     𝜇 h   𝜓   𝜏 1 ) ,


    𝜆 6 ,   𝜆 7 ,


    𝜆 8


    a 2 > 0 ,       a 0 > 0  


    a 2   a 1 −   a 0 > 0


  ,     a 2 > 0  


    a 0  


      R 0 < 1


    a  2     a 1 −   a 0 > 0


   (   E 0 )


      R 0 < 1 .  


      R 0 > 1


    E 0  


    ( E ∗ ) .


    R 0


    E h ,   I 1 ,   I 2


      I  v


  F


  V


  F =  [    0  0  0    ( 1 − 𝜃 )   𝛽 h   S h    N  v   0  0  0  0   0  0  0  0   0      𝛽  v   S  v    N h  0  0 ]


  V =  [      ( 𝜇 h + 𝛼 )  0  0  0   − 𝛼  (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  0  0   0  − 𝜎  (   𝜇 h +   𝛿 2 +   𝜏 2 )  0   0  0  0    ( 𝜇  v +   𝛿  v ) ]


  V  


    V  − 1                 =  [     1    𝜇 h + 𝛼  0  0  0     𝛼    ( 𝜇 h + 𝛼 ) (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )   1    𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎  0  0     𝛼 𝜎    ( 𝜇 h + 𝛼 ) (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 ) (   𝜇 h +   𝛿 2 +   𝜏 2 )    𝜎   (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 )  (   𝜇 h +   𝛿 2 +   𝜏 2 )   1    𝜇 h +   𝛿 2 +   𝜏 2  0   0  0  0   1    𝜇  v +   𝛿  v ]


    R 0


  K = F   V  − 1


  𝜌   ( F   V  − 1 )


    R 0 = 𝜌   ( F   V  − 1 ) =    𝛼 ( 1 − 𝜃 )     𝛽 h 𝛽  v (   𝜇 h + 𝜓 − f   𝜇 h )  (   𝜇 h + 𝛼 ) (   𝜇  v +   𝛿  v ) (   𝜇 h +   𝛿 1 +   𝜏 1 + 𝜎 ) ( 𝜓 +   𝜇 h )


    ( R 0 )  


    R 0


    R 0


    𝛽 h


    𝛽  v


    R 0


  ( f )


  𝜃


    R 0


    𝛬 h


    𝜇 h


  𝜓


  f


    𝛽 h


    𝛽  v


  𝛼


  𝜎


    𝜏 1


    𝜏 2


    𝛿 1


    𝛿 2


    𝛿  v


  𝜒


  𝜃


    𝜇  v


    𝛬  v


  V  ( 0 ) = 50 ,       S h  ( 0 ) = 600 ,       E h  ( 0 ) = 30 ,     I 1  ( 0 ) = 30 ,     I 2  ( 0 ) = 20 ,       R h  ( 0 ) = 15 ,       S  v = 800 .       I  v = 100


    𝜆 1 = − 0 . 12 ,     𝜆 2 = − 0 . 02 ,     𝜆 3 = − 0 . 082 ,       𝜆 4 = − 0 . 07 ,   𝜆 5 = − 0 . 02


    a 2 = 0 . 67 ,     a 1 = 0 . 1416 ,  


    a 0 = 0 . 0077 .  


    a 2 > 0 ,     a 0 > 0 ,  


    a 2   a 1 −   a 0 = 0 . 0871 > 0 ,  


    R 0 = 0 . 7696   < 1 ,


  f = 0 . 15 ,   𝛽 h = 0 . 66 ,   𝜃 = 0 . 10


    R 0 = 6 . 009 .


  (   E h ,     I 1 ,     I 2 ,   a n d     I  v )


   ( f = 0 . 15 ) .


  ( f = 0 . 80 )


  ( f )


   ( f = 0 . 15 )


  (   I 1  


    I 2 )


    f = 0 . 80


  ( f )


   ( 𝜃 )  


    R 0


    R 0


    𝜇 h


  𝜓


  f


    𝛽 h


    𝛽  v


  𝛼


  𝜎


    𝜏 1


    𝛿 1


    𝛿  v


  𝜃


    𝜇  v


    R 0 ) .  


  (   𝛽 h  


    𝛽  v )


  ( + 0 . 5000 )


    R 0  


  ( 𝜓   =   + 0 . 0641 )


  ( 𝛼   =   + 0 . 0370 ) .


    R 0


  ( 𝜃 )


  (   𝜇  v )


  − 0 . 3333 .


    R 0


  ( 𝜎   =   − 0 . 2768 )


  (   𝜏 1   =   − 0 . 1845 )


  ( f   =   − 0 . 0769 )


  (   𝜇 h =   − 0 . 1380 )


    R 0    


    ( E 0 )


    ( E ∗ )  


  (   𝛽 h ,     𝛽  v )  


    R 0


  ( f )


  ( 𝜃 )


  f


    𝛽 h  


  𝜃


    R 0


  ( f ≥ 0 . 80 )


    R 0


    R 0 < 1


    R 0 = 0 . 7696 ,


  ( f   =   0 . 15 ,     𝛽 h   =   0 . 66 ,   a n d   𝜃   =   0 . 10 )


    R 0


  6 . 009


    𝛽 h

