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1. INTRODUCTION

The Trans Gadjah Mada Electric Bus (TGMEB) is a campus electric-bus service that requires synchronized
departures between terminals. A previous route-design study indicated that a two-terminal configuration is an
efficient alternative with a service period of 21 minutes [1]. That result provides a basis for the nominal timetable,
but it does not yet explain how the timetable responds when a delay occurs either at departure or during service
operation.

A synchronized transportation service can be viewed as a discrete-event system because its main variables
are event times, such as departures, arrivals, and vehicle releases from terminals. In such a system, a departure
often has to wait until several preceding events have been completed. The maximum operation is therefore
natural for representing synchronization, whereas ordinary addition represents travel time or processing time.
Max-plus algebra provides a framework for modeling such synchronized systems [2-4] . The discrete-event-
system perspective also emphasizes the importance of event ordering and release rules in transportation systems
[5].
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In actual operations, delays may arise from two different sources. First, a departure-time delay occurs when
a bus cannot depart at its planned time, for example because the driver i1s not yet ready, passengers are still
boarding, or the terminal cannot yet release the bus. Second, a service-operational-time delay occurs when the
travel time of a route exceeds its nominal value, for example because of traffic congestion, intersection conflicts,
rain, access restrictions, or charging-related needs. These two types of delay may appear similar in the arrival
clock time, but they enter the model at different points: a departure delay shifts the event time x;(k), whereas a
service-operational delay changes the route weight a;;

Recent max-plus studies have continued to show the relevance of max-plus algebra for synchronized
discrete-event systems. Railway and scheduling studies have used max-plus automata and Kleene-star-based
methods to compress timetables, construct scheduling interfaces, and support time-triggered services [6-8]. Max-
plus control and optimization studies have also addressed global optimization, approximate optimal control,
interval systems, switched max-plus lincar-dual inequalities, and production scheduling [9-11]. These studies
indicate that max-plus models are suitable for representing event synchronization, mode changes, and recovery
decisions in systems whose next state depends on the latest preceding event [12, 13].

Recent electric-bus studies have emphasized planning, vehicle scheduling, charging scheduling, and
timetable feasibility. Reviews of electric-bus planning and charging scheduling show that battery capacity, charging
strategy, route schedule, and charging infrastructure must be considered jointly [14, 15]. Other studies have
modeled stochastic travel time, stochastic energy consumption, capacitated charging stations, and flexible
timetable shifting to improve the reliability of electric-bus operation [16-18]. Charging-schedule optimization has
also considered time-of-use electricity prices, time-of-day tariffs, multi-port charging stations, and opportunity-
charging delay propagation [19-21]. Opportunity-charging models further show how charging delays may
propagate nto electric-bus departures [22].

Further electric-bus studies show that charging prices, charger capacity, energy consumption, and battery
loss strongly affect operational feasibility [28-25]. Replacement strategies are also relevant because they connect
charging decisions with operational recovery when energy and schedule constraints interact [26]. Charging-
infrastructure reviews and optimization models emphasize the importance of matching charging technology,
energy-storage support, and opportunity fast charging with daily bus operations [27-29]. Range uncertainty also
needs to be considered because it affects route planning, charging needs, and schedule reliability [30].

However, these studies mostly address fleet-scale scheduling, charging optimization, infrastructure planning,
or general max-plus formulations. They do not explicitly formulate component-wise delay tolerance, excess-delay
propagation, normalization time, and recovery-mode switching within a small synchronized two-terminal campus
electric-bus network. Therefore, the mathematical gap addressed in this study is not route design or fleet-scale
charging optimization, but the characterization of how local and critical route components respond differently to
delay in a max-plus synchronized network.

Based on this gap, this study aims to analyze delay thresholds, normalization time, and recovery switching
in the two-terminal TGMEB network using max-plus algebra. The previous study of TGMEB established the
nominal two-terminal route configuration and synchronized service period, whereas this study analyzes the
response of that nominal structure to delay. The contribution of this article is twofold. Mathematically, it hinks
the critical arcs, component-wise delay thresholds, excess-delay propagation, normalization horizons, and
recovery-mode switching in one max-plus analytical framework. Operationally, it interprets these mathematical
indicators as a simple basis for distinguishing normal operation, local recovery, and fast-mode recovery. Thus,
the proposed switching rule is not presented as a final empirical control policy, but as an analytical consequence
of the max-plus delay-tolerance structure.

2. RESEARCH METHOD

This study was designed as an analytical-computational study based on the two-terminal Trans Gadjah Mada
Electric Bus (TGMEB) network reported in the previous route-design study [1]. The object of analysis was not a
new network construction, but the selected two-terminal configuration, in which Terminal 1 is located at
AT/FMIPA and Terminal 2 is located at AA/GSP. The data source consisted of nominal operational times from
the previous model: 19 minutes for the Terminal 1 local route, 18 minutes for the Terminal 2 local route, and
21 minutes for each interterminal corridor [1]. These values were treated as deterministic route weights in the
max-plus model.

The use of deterministic route weights in this study was intentional. The purpose of the analysis was to
examine the structural synchronization properties of the nominal two-terminal network before mtroducing
stochastic variability. In the max-plus framework, deterministic weights make it possible to identify the nominal
eigenvalue, critical arcs, and delay thresholds in a transparent way. Therefore, the nominal operational times of
19, 18, and 21 minutes were treated as baseline weights rather than as daily operational averages estimated from
field observations. This modeling choice allowed the study to isolate the mathematical effect of delay on
synchronization.
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The analysis was conducted through six stages. First, the two-terminal network was represented as a weighted
directed graph, where each arc weight denotes the nominal service time or travel time of the corresponding route
component. Second, the weighted graph was transformed into a max-plus linear model, in which the maximum
operation represents synchronization among event times and ordinary addition represents the accumulation of
travel or service time. Third, the nominal model was analyzed by determining the max-plus eigenvalue,
eigenvector, and critical components. The initial state 1s chosen as an eigenvector, ensuring that the system
exhibits periodic behavior from the outset. Fourth, the delay-absorption capacity of each component was
computed by comparing its nominal operational time with the synchronized period. Fifth, the disturbance
analysis was separated into service-operational-time delay and departure-ime delay. Sixth, the excess-delay
indicators were used to estimate the normalization horizon and to formulate a switching policy for normal, local-
recovery, and fast modes recovery.

The parameters used in the recovery analysis, including setup cost, recovery rate, predictive horizon, and
hysteresis margin, were treated as illustrative parameters. They were not estimated from GPS records, passenger-
demand data, charging logs, or daily delay observations. A scenario-based sensitivity check was used to examine
whether the classification of absorbed delay, excess delay, and recovery mode remained consistent when the
disturbance location, disturbance magnitude, recovery rate, setup cost, and predictive horizon were varied. Their
role was to demonstrate how the excess-delay indicators obtained from the max-plus model can be connected to
a switching decision. The switching policy adopted in this study 1s based on a theoretical heuristic framework.
The calibration of its parameters requires further validation against empirical data. Consequently, the proposed
recovery rule should be interpreted as an mitial analytical heuristic rather than as a final empirical control policy.
Empirical calibration is still required before the rule can be implemented in actual TGMEB operations.

This study did not use direct field observations, GPS tracking records, passenger-demand data, or actual
daily delay logs. Therefore, the results should not be interpreted as a final empirical evaluation of TGMEB
operations. Instead, the study provides an analytical framework that can be used as a basis for field-data calibration
and operational testing. To strengthen internal consistency, the model was checked through numerical
disturbance scenarios mvolving local-route delays, interterminal-corridor delays, departure-time delays, and
different recovery horizons. These scenarios function as computational verification of the proposed thresholds
and switching rules. Further empirical validation should be conducted by collecting actual departure times, travel
times, charging-related delays, and passenger-demand patterns from daily TGMEB operations.

The deterministic model used in this study can be extended to stochastic or uncertain settings by replacing
fixed route weights with interval-valued or random max-plus weights. In such an extension, the max-plus update
rule remains valid for each realized sample path because synchronization still depends on the latest completed
predecessor event. However, the recovery horizon would no longer be interpreted only as a deterministic value.
It could be evaluated as a worst-case bound, an expected recovery time, or a quantile-based recovery horizon
under probabilistic delay assumptions. Correlated disturbances, such as congestion affecting both mterterminal
corridors, would require joint delay scenarios or stochastic simulations. These extensions are outside the scope
of the present deterministic baseline model and are proposed as future empirical and computational work.

No human participants, animals, or personal data were involved in this study. Therefore, ethical approval
was not required. The study was limited to mathematical modeling, analytical computation, and numerical
scenario verification based on previously reported nominal route-time data.

3. RESULT AND ANALYSIS
3.1 Two-Terminal Network and Model Construction

Figure 1 shows the synchronization scheme of the two-terminal TGMEB network. The figure 1s not a
geographic map but a weighted graph indicating time relations between terminal events. The AT node denotes
Terminal 1 and the AA node denotes Terminal 2. The loop arc at AT denotes the Terminal 1 local route with
a duration of 19 minutes, whereas the loop arc at AA denotes the Terminal 2 local route with a duration of 18
minutes. The two interterminal arcs denote the AT-AA and AA-AT corridors, each with a duration of 21
minutes.
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Figure 1. Scheme of the two-terminal TGMEB network in the max-plus model [1].
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Let x4, (k) denote the departure time of Terminal 1 in cycle k and x,(k) denote the departure time of
Terminal 2 in cycle k. If a; ; denotes the time from the event at terminal j to the event at terminal i, then the next
departure at terminal i must wait for all relevant inputs. With operations a @ b = max(a,b) anda ® b =
a + b, this relation is written as the max-plus linear system.

x(k+1) = A® x(k), W
or, component wise,
xi(k+1) = m;j:lx{aij + x;(k)}. )
For the two-terminal TGMEB case, the nominal weight matrix is
-2
Thus,
i ol=B Sale kil
The max-plus eigenvalue A and eigenvector v satisfy
ARv=1Q v. )
For matrix (3), A = 21 minutes and v = (0, O)T. In max-plus algebra, an eigenvector is determined up to

an additive scalar; therefore, the general form of eigenvector of equation (5) is v = (a,a)” where a € R.
Physically, adding the same scalar to both components of the eigenvector only shifts the common time origin of
the two terminals. It does not change the relative synchronization phase between Terminal 1 and Terminal 2.
For the sake of computational simplicity, the eigenvector is taken to be v = (0,0)7.

Eigenvalue 4 = 21 means that the nominal synchronized timetable can be constructed with a 21-minute
period and both terminals have the same departure phase. The two interterminal corridors have weights equal
to the nominal period and therefore form critical components. By contrast, the two local routes have weights
smaller than 21 minutes and consequently have delay-absorption capacity. The imbalance between the local route
times 19 and 18 minutes and the synchronized period 21 minutes is reflected in the delay thresholds of the non-
critical loops, rather than in different eigenvector components.

Table 1. Nominal route components in the two-terminal max-plus model

Matrix Operational interpretation Nom_mal time Critical statns
entry (minutes)
a;q Terminal 1 local route (AT to AT) 19 Non-critical
a, Interterminal connection from Terminal 2 to Terminal 1 21 Critical
a, Interterminal connection from Terminal 1 to Terminal 2 21 Critical
a,, Terminal 2 local route (AA to AA) 18 Non-critical

3.2 Service-Operational-Time Delay

A service-operational-time delay occurs when a route requires more time than its nominal weight. If the
route from terminal j to terminal i has delay d = 0, then the weight a;; becomes a;; + d in that cycle. For the
timetable to remain within the nominal synchronization bound, the component must not exceed the eigen-
relation. From Equation (5), the delay threshold is obtained as

Qij:A‘}‘Ui_Uj_aij. (6)
Since v; = v, = 0 1n this case, the formula becomes
If the actual delay 1s d, the portion of delay that cannot be absorbed by the nominal timetable is expressed as

The value D;;(d) = 0 means that the operational delay is still absorbed. The value D;;(d) > 0 means
that there 1s excess delay that may shift the next departure.
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Table 2. Service-operational delay thresholds in the two-terminal TGMEB model

Matrix entry Route component a;j 0;; =21 —-aqa; Interpretation
. Delays up to 2 minutes are
a;q Terminal 1 local route 19 2 ys up
absorbed
a;, Terminal 2 to Terminal 1 21 0 Any delay affects synchronization
ayq Terminal 1 to Terminal 2 21 0 Any delay affects synchronization
. Delays up to 3 minutes are
ayy Terminal 2 local route 18 3 ysul
absorbed

Table 2 shows the different roles of local routes and mterterminal routes. The Terminal 1 local route can
absorb operational delay of up to 2 minutes, whereas the Terminal 2 local route can absorb operational delay of
up to 3 minutes. The two interterminal routes have no absorption space because both are critical components.
Consequently, any positive operational delay on an interterminal corridor becomes excess delay.

To clarify the use of the threshold in Equation (8), suppose that the normalized initial condition in a cycle is
x1(k) = x,(k) = 0. Suppose some cases of experiences an additional service time d = 1 for Terminal 1
local route (01), d =5 for Terminal 1 local route (02), d =5 for Terminal 2 local route (03), and d = 2
for Terminal 2 corridor (04). Table 3 gives the summary of numerical computation of excess delay and the
interpretation of the synchronized system.

Table 3. Numerical examples of service-operational-time delay

Additional Threshold Excess

Case Disturbed component . Interpretation
P time d 0” D ij P
01 Terminal 1 local route (a,4) 1 2 0 Absorbed by the timetable
) _ Requires recovery due to a 3-
O2  Terminal 1 local route (a,,) 5 2 3 "4 L
minute deviation
) _ Requires recovery due to a 2-
O3  Terminal 2 local route (a,,) 5 3 2 >4 coveny
minute deviation
o4 Terminal 1 to Terminal 2 9 0 9 Immediately disturbs
corridor (a,;) synchronization

3.3 Departure-Time Delay

Departure-time delay differs from operational delay because the disturbance does not appear in the route
weight, but in the terminal event time. Suppose that the departure from terminal j in cycle k is delayed by 6; (k).
Then the time used in the update becomes x;(k) + 6;(k). For a destination terminal , its effect can be read
from

xi(k+1) = mjax{aij + x;(k) + 6;(k)}. )

If only one departure at terminal j is delayed by §, the excess delay on relation j — i has the same form as
Equation (8), namely

The difference lies in the interpretation. In operational delay, d represents additional travel time on a route.
In departure-time delay, & represents a shift in the bus release time from the terminal. Both may produce the
same excess delay, but the operational interventions are different. Operational delay can be handled through
route or travel-time management, whereas departure delay is more closely related to terminal discipline, fleet
readiness, and release rules.
Table 4. Impact of departure-time delay on subsequent relations

Delayed

departure Affected relation Threshold Initial impact
Terminal 1 Terminal 1 to Terminal 1 (a;4) 2 minutes Absorbed if § < 2
Terminal 1 Terminal 1 to Terminal 2 (a;;) 0 minutes Every § > 0 shifts Terminal 2
Terminal 2 Terminal 2 to Terminal 1 (a;,) 0 minutes Every § > 0 shifts Terminal 1
Terminal 2 Terminal 2 to Terminal 2 (a,,) 3 minutes Absorbed if § < 3

Table 4 shows that a departure delay from Terminal 1 1s immediately critical when it affects the corridor to
Terminal 2, whereas a departure delay from Terminal 2 is immediately critical when it affects the corridor to
Terminal 1. Thus, release-time discipline at the two main terminals is as important as corridor travel-time control.
In actual operation, this information can be translated into monitoring priorities: small delays in interterminal
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bus release should be recorded immediately, whereas small delays on local loops can still be tolerated as long as
they do not exceed the threshold.
Suppose that the initial condition in a cycle 1s x; (k) = x,(k) = 0. By applying computation on (9), if the

departure from Terminal 1 is delayed by §; = 3 minutes, then
x;(k +1) = max{19 + 3,21} = 22, (11)
and
x,(k + 1) = max{21 + 3,18} = 24. (12)
Compared with the 21-minute nominal timetable, the normalized deviation becomes z(k + 1) = (1,3)7.

The 1-minute deviation at Terminal 1 appears because the Terminal 1 local loop still has a 2-minute threshold,
whereas the 3-minute deviation at Terminal 2 appears because the Terminal 1 to Terminal 2 corridor has a zero
threshold.

A similar computational procedure was performed for the case of §; = 1 at Terminal 1 and §, = 4 at
Terminal 2. The resulting computations and their implications for departure deviations are summarized in Table
5.

Table 5. Numerical examples of departure-time delay

Case Delayed Delay Normalized deviation Implication
departure magnitude in the next cycle P
KI  Terminal 1 5, =1 0,1)7 The corridor to Terminal 2 begins to be
disturbed
K9  Terminal 1 5, =3 (1,3)7 :the main deviation occurs at Terminal
K3 Terminal 9 5, = 4 41)7 ;l"he main deviation occurs at Terminal

3.4 Normalization Related to Service-Time Delay

This section discusses normalization caused by service-time delay. In this context, the delay appears as an
additional travel time or service time on a network component, so that the weight a;; changes to a;; + d;;.
Therefore, the disturbance analyzed here 1s not a delay in bus release from the terminal, but an increase in service
duration on a local route or an interterminal corridor.

The system state 1s normalized with respect to the nominal period by

z(k) = x(k) — kA1 (13)

‘Where 1 denotes the vector, whose entries are all 1 and the operation on equation (13) is standard addition and
multiplication vector.

The system is said to return to the nominal phase if z(k) = (0,0)7. The system is said to return to a
periodic form if z(k + ¢) = z(k) for some cyclicity ¢, although its phase may be shifted from the initial
timetable. In this two-terminal network, the relevant cyclicity is ¢ = 2. This distinction 1s important because the

service may become mathematically repetitive again while still being late relative to the timetable announced to
passengers.
For service delay, the excess delay on component j — i 1s expressed as
L —
Dij = max{O, dl] — HU} (14)

If DL-Lj = 0, the additional service time is still absorbed by the available time buffer. If DiLj > 0, the
deviation must be recovered so that the service phase returns closer to the nominal timetable.

For illustration, assume that the setup cost of fast mode i1s ¢ = 1 equivalent minute and the recovery rate
1s 7 = 4 minutes per cycle. The initial excess delay D after m recovery cycles 1s estimated as

D(m) = max{0,D — (mr —¢5)}, m=12,.. (15)

The system is considered recovered when D(m) = 0. This condition is equivalent to D — (mr — ¢;) < 0 or

D+c - . - .
m = —=. We take the ceiling value since the number of recovery cycles must be an integer. Thus, the
estimated minimum recovery horizon 1is
D +c
s .
Trec(D;7,c5) = [ " ] (16)

This formula uses a one-time setup cost, whereas 1 1s used as the recovery rate per cycle. The values of ¢
and 7 1n this article are illustrative and must be calibrated with field data before implementation.
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Suppose that an additional service time occurs on the Terminal 1 local route with dy; = 5 minutes.
Because the threshold of the Terminal 1 local route 1s 6;; = 2 minutes, the excess service delay 1s

Dl = max{0,5 -2} = 3. a7

With the illustrative parameters ¢ = 1 and r = 4, the normalization time 1s estimated as
3+1
Trec(3;4,1) = [T =1. (18)
This means that one cycle of recovery mode 1s sufficient to eliminate the deviation caused by the local service
delay, provided that the recovery rate 1s actually achieved in the field.
The next example occurs on the interterminal corridor from Terminal 1 to Terminal 2. If the service time
on this corridor increases by d,; = 2 minutes, then 8,; = 0 because the corridor is critical. Consequently,

19
DY =max{0,2 -0} =2, t9)

and

Tooo(2:4,1) = [#] -1 20)

Although the illustrative normalization time 1s one cycle in both cases, the interpretation is different. On a
local route, part of the delay 1s absorbed by the local threshold. On a critical corridor, the entire additional service
time immediately becomes a deviation that must be recovered. Figure 2 shows the phase deviation caused by
delay on a critical corridor.

Time
Nominal I } : { |F
0 21 42 63 84
D
i Time
Disturbed { } } }
D 214D 42+D 63+D 84+D

Figure 2. [llustration of phase deviation caused by service-time delay on a critical component.

3.5 Normalization Related to Departure-Time Delay

This section discusses normalization caused by departure-time delay. Unlike service delay, departure delay
does not directly change the route weight. The disturbance appears because the departure event from terminal j
is delayed by 6;(k), so that the event time entering the next relation becomes x;(k) + 6&;(k).

For departure-time delay, the excess delay on the relation departing from terminal j to terminal i 1s written
as

D = max{0,5; — 6;;}. @1

Because one departure from a terminal may affect both a local route and an interterminal corridor, the
normalization measure used by the operator can be taken as the maximum impact.
Table 6 shows the computation summary of the excess delay on equation (21) and minimum recovery
horizon from equation (16).
Table 6. Numerical examples of departure-time delay normalization

Smallest

Case Departure disturbance Delay & threshold Excess DB Trec
Departure-1 Terminal 1 delayed by 1 minute 1 0 1 1 cycle
Departure-2 Terminal 1 delayed by 3 minutes ¢ 0 é 1 cycle
Departure-3 Terminal 2 delayed by 4 minutes 4 0 4 2 cycles
Departure-4 Terminal 2 delayed by 8 minutes 8 0 8 3 cycles

The deviation trajectory for the departure-4 is presented in Table 7. With DB = 8,¢, = 1 and 7 = 4, we

have
8+1
Tooe(8;4,1) = [T =3
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If one service cycle i1s 21 minutes, then three cycles are equivalent to approximately 63 minutes of nominal
operating time. This value is not the additional passenger waiting time, but the recovery horizon until the phase
deviation returns to zero. The delay excess for each cycles determine using equation (15).
For cycle m = 2, we have.

D(2) = max{0,8 — (8 — 1)} = max{0,8 — 7} = max{0,1} = 1

The trajectory of delay excess for each cycle of m is showed in table 7.
Table 7. Normalization trajectory of Terminal 2 departure delay with D2 = 8, ¢, = 1,andr = 4

Recovery cycle m Value of D(m) Status
0 8 Not yet recovered
1 5 Still delayed
2 1 Almost recovered
3 0 Back to normal

The above computation shows that departure-time delay may have a sharper impact than local service delay.
The reason 1s that a departure from a terminal entering a critical corridor has a zero threshold. Therefore,
normalization related to departure-time delay should be separated from normalization related to service delay so
that the operator can distinguish the source of disturbance and select an appropriate recovery action.

3.6 Switching Policy Related to Service-Time Delay

The first switching policy addresses service-operational-time delay. For this type of disturbance, the operator
observes the additional travel time or service time on a route and compares it with the threshold of each
component. The excess service delay in cycle k is defined as

D (k) = rﬁg)x{max(o, dij(k) — 6;)} (22

where d;;(k) denotes the additional service time on component j — i. Parameter 1 denotes the reduction of
deviation per cycle after fast mode 1s activated, cs denotes the one-time setup cost, H denotes the predictive
horizon, and hy, and hyg denote activation and deactivation hysteresis. The net benefit of fast mode over the H-
cycle horizon 1s

By = Hr —c,. (23)

For service-time delay, fast mode is recommended if
DY(k) = ¢s+ hyn, Hr —cg = D (k) + hop- (24)

The system returns to normal mode if
DL(k) < hoff' 0< hoff < hon' (25)

Take the illustrative parameters ¢ = 1,7 = 4, H = 2, hy, = 1, and hyre = 0.5. If the Terminal 1

local route is delayed by d = 5 minutes, then Equation (9) gives D¥ = 3. Because

Dt =3 >c¢s+ hy, =2, (©6)

Hr—c,=2(4)—-1=7=D*+h,, =4

fast mode 1s feasible to activate. In the service context, fast mode may include reducing waiting time at internal

stops, prioritizing terminal exit, using a smoother route where available, or dispatching a spare bus to maintain
the next cycle.

Table 8. Examples of switching decisions for service-time delay

Case Service disturbance Dt Activation condition Decision
Terminal 1 local route delayed by 1 .
L1 . y d 0 Not satisfied Normal mode
minute
Terminal 1 local route delayed by 5 ) . Fast mode/active
L2 . y d 3 Satisfied /
minutes recovery
13 Terminal 2 local route delayed by 5 9 Satisfies the activation Limited fast mode
’ minutes threshold or active recovery
A Terminal 1 to Terminal 2 corridor 9 Satisfies the activation Limited fast mode
’ delayed by 2 minutes threshold or corridor priority

Delay Tolerance and Recovery Control in a Synchronized Flectric Bus Network using Max-Plus Algebra (Rudhito)
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3.7 Switching Policy Related to Departure-Time Delay

The second switching policy addresses departure-time delay. For this type of disturbance, the operator
considers not only the length of additional travel time but also the delay in bus release from the terminal. The
excess departure delay in cycle k can be written as

DB (k) = rgtjz_)x{max(o, &;(k) — 6;;)}, (27)

where §;(k) denotes the departure delay from terminal j. Since one departure from a terminal may affect more
than one relation, the maximum value in Equation (27) is used to capture the worst impact in that cycle.
Fast mode for departure-time delay 1s recommended if

DB(k) = ¢; + hyy, Hr —cg = DE(k) + hyp. (28)
The system returns to normal mode if

DB(k) < hyg (29)

The main difference from service delay lies in the form of intervention. For departure-time delay, the intervention
may include releasing a replacement bus, accelerating boarding and alighting before the next scheduled
departure, limiting terminal waiting time, or rearranging the departure sequence.

Given the following numerical example of the switching policy for departure-time delay. Use the same
parameters, namely ¢ = 1,7 = 4, H = 2, h,, = 1,and hyir = 0.5. If Terminal 1 is delayed in departure
by §; = 1 minute, then on the critical relation from Terminal 1 to Terminal 2 we obtain DB = 1. Since 1 <
¢s + hyp = 2, the system does not need to enter fast mode; local recovery, such as accelerating terminal
processes in the next cycle, is sufficient. Table 9 gives some cases of departure-delay that affect to the switching
decision.

Table 9. Examples of switching decisions for departure-time delay

. Activation ..
Case Departure disturbance DB ... Decision
condition
Bl Terminal 1 delayed by 1 minute 1 Not satistied Local recovery
B9 T@rminal 1 delayed by 3 3 Satisfied Fast nlode/depal‘ttll‘e
minutes resequencing
. Terminal 2 delayed by 4 .
B3 ermim clayed by 4 Satisfied Fast mode or replacement bus
minutes

A small sensitivity sweep was conducted to illustrate how the recovery horizon changes when the excess delay D,
setup cost €y, and recovery rate 7 are varied. The recovery horizon was computed using equation (16)
Table 10. Sensitivity of recovery horizon to excess delay, setup cost, and recovery rate

Excess delay (D) Setup cost (cg)  Recovery rate () Trec Interpretation

2 1 4 1 cycle Small disturbance is recovered
quickly

4 1 4 2 cycles Moderate  delay  requires
longer recovery

8 1 4 3 cycles Baseline case used in Table 7

8 0 4 2 cycles Lower setup cost shortens
recovery

8 2 4 3 cycles Higher setup cost may keep
the same rounded horizon

8 1 2 5 cycles Lower recovery rate strongly
Imncreases recovery time

8 1 6 2 cycles Higher recovery rate shortens

recovery time

The sweep shows that T, 1s more sensitive to the recovery rate r than to small changes in setup cost cs,
especially for larger excess delays. Therefore, field calibration of r 1s essential before the switching rule is used
operationally. The predictive horizon H and hysteresis parameters hy, and hyg should also be chosen
conservatively when delay magnitude d or departure delay & 1s highly variable.

If service delay and departure-time delay occur simultaneously in a cycle, the operator may use the combined
idicator

D(k) = max{D*(k), D® (k)}. (30)

This indicator ensures that the switching decision follows the dominant disturbance. Thus, the operational rule
remains simple while still distinguishing the source of delay and the corresponding recovery action.
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3.8 Discussion

The computational results show that the two-terminal TGMEB network has a simple but strict
synchronization structure. The nominal period 1s determined by the critical interterminal corridors, not by the
local terminal loops. This means that delay management in the network should not treat all route components
equally. Local-route disturbances can be tolerated up to their thresholds, whereas disturbances on the
interterminal corridors immediately affect the synchronized timetable. From a max-plus perspective, this result
follows from the position of the critical arcs in the weighted directed graph. From an operational perspective, it
implies that monitoring and recovery should prioritize interterminal departures and arrivals.

The contribution of this study differs from both general max-plus scheduling studies and electric-bus
optimization studies. Max-plus scheduling studies usually emphasize timetable construction, compression, or
system representation [6-8]. Max-plus control studies provide broader frameworks for optimization, uncertainty,
and switched-system analysis [9, 11, 12]. In contrast, this article focuses on delay thresholds and excess-delay
indicators i a small synchronized network. Electric-bus optimization studies usually emphasize fleet assignment,
charging decisions, charging-station capacity, and energy feasibility [16-18]. The present study examines how a
delay in a specific route component changes the synchronization state of the system. Therefore, the novelty lies
in connecting max-plus criticality, component-wise delay tolerance, normalization time, and a recovery switching
rule within one analytical framework.

The proposed switching rule should be interpreted as an initial analytical heuristic rather than a fully
optimized control strategy. Its parameters, such as setup cost, recovery rate, predictive horizon, and hysteresis
margin, were introduced to illustrate how mathematical excess-delay indicators can be translated into operational
decisions. These parameters have not yet been calibrated using field observations. The study also does not
include GPS-based travel-time records, observed departure delays, passenger-demand variation, charging logs, or
stochastic energy-consumption data. The recovery decisions in table 8 and 9 are analytical decision rules derived
from the max-plus structure of the nominal network. Therefore, the framework is best understood as a
deterministic max-plus baseline model. Future studies should extend it by using empirical data, stochastic delay
distributions, and simulation-based validation.

For operational calibration, future TGMEB data collection should include timestamped departures and
arrivals at each terminal, GPS-based travel times for local and interterminal routes, dwell times at stops and
terminals, charging-related delay logs, passenger boarding patterns, and records of replacement-bus or priority-
dispatch actions. A minimum observation period of two to four weeks 1s recommended to capture weekday-
weekend differences, peak and off-peak patterns, weather effects, and day-to-day variability. These data would
allow the parameters cg, 7, H, hyp, and hyg to be estimated empirically rather than treated as illustrative values.

4. CONCLUSION

This study analyzed delay tolerance, normalization time, and recovery switching in the two-terminal
TGMEB network using max-plus algebra. The nominal network was represented as a weighted directed graph
and transformed into a max-plus linear system. The max-plus eigenvalue showed that the synchronized service
period was 21 minutes. The local routes at Terminal 1 and Terminal 2 had delay thresholds of 2 and 3 minutes,
respectively, whereas the two interterminal corridors were critical arcs with zero delay tolerance. Therefore, any
positive delay on an interterminal corridor directly disturbed the synchronized timetable.

The analysis also showed that service-operational delay and departure-time delay must be distinguished
because they enter the model differently. Service-operational delay changes the route weight, whereas departure-
time delay shifts the terminal event time. In both cases, the excess-delay indicator determines whether a
disturbance can still be absorbed or must be recovered. This indicator provides the mathematical basis for
estimating normalization time and for distinguishing normal operation, local recovery, and fast-mode recovery.

The principal mathematical contribution of this study 1s a deterministic max-plus framework that links
critical arcs, delay thresholds, excess delay, normalization horizons, and recovery switching in a small
synchronized electric-bus network. Practically, the framework suggests that TGMEB operators should prioritize
the monitoring and recovery of interterminal corridors, while local-route delays may be tolerated as long as they
remain within the computed thresholds. Future research should validate the proposed framework using actual
operational data, including departure times, travel times, chargingrelated delays, passenger demand, and
stochastic delay patterns.
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