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when Ry < 1. Under baseline parameters, Ry = 3.99, with late-stage
infections accounting for approximately 88.3% of total transmission. Due to the
model’s assumptions of a closed population and permanent immunity, no
biologically meaningful endemic equilibrium exists; once the infection runs its
course, the disease eventually dies out as susceptibles are exhausted. Sensitivity
analysis highlights that reducing the late-stage transmission rate (B,) and
increasing the early-stage recovery rate (y;) are the most effective intervention
targets. This model provides a rigorous theoretical framework to guide
evidencebased scabies control strategies in high-density residential institutions.
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1. INTRODUCTION

Scabies remains a major global public health problem. The World Health Organization estimates an annual
incidence of 200-300 million cases worldwide [1]. This parasitic skin disease, caused by the mite Sarcoptes
scabiel var. hominis, causes intense itching and skin lesions. It also damages the skin barrier and increases the
risk of secondary bacterial infections, which may lead to serious complications such as acute glomerulonephritis
and rheumatic heart disease [2]. In 2017, the WHO classified scabies as a Neglected Tropical Disease, prompting
greater efforts to develop effective control strategies.

Islamic boarding schools (pesantren) in Indonesia represent typical high-risk environments. Students live
together, share sleeping areas, and have frequent skin to skin contact. Limited access to clean water and poor
hygiene practices further increase transmission risk [3]. Recent studies report high prevalence rates in Indonesian

Journal homepage: http://jurnal.uinsu.ac.id/index.php/zero/index


http://jurnal.uinsu.ac.id/index.php/zero/index
https://creativecommons.org/licenses/by-sa/4.0/
mailto:davidp101288@gmail.com

330 O3 E-ISSN : 2580-5754; P-ISSN : 2580-569X

pesantren, ranging from 25% to over 70% [4]. For example, Wahdini et al. (2025) found a prevalence of 43.8%
among students 1n a traditional urban Islamic boarding school in Jakarta, with poor bedding cleanliness as the
only significant risk factor (odds ratio = 2.009) [5]. Similar high rates were documented in Jember Regency
(46.07% and 25.819%) [6] and other pesantren where sharing personal items strongly predicted greater disease
severity (odds ratio = 9.06) [7].

Mathematical compartmental models are a standard tool for analyzing infectious disease dynamics and
designing interventions [8]. Most existing models treat the infected population as a single homogeneous
compartment. They do not distinguish between early-stage and late-stage infections, despite clear differences in
mite burden, infectivity, detectability, and recovery time. Late-stage infections, particularly crusted scabies, involve
high mite loads and act as superspreaders [9]. Recovery from late-stage disease 1s also slower and more difficult
[10]. In high-density residential settings where individuals maintain a relatively fixed number of close contacts,
frequency-dependent transmission is more appropriate than density dependent transmission.

No previous modeling study has specifically addressed stage structured scabies transmission in the
Indonesian pesantren context. While recent models have incorporated temporal delays [11], stochastic variability
[12], and agent based heterogeneity [13], none explicitly partition the infected population into early-stage and
late-stage compartments with differential transmission rates, nor focus on the high-density, closed population
setting of Islamic boarding schools. This study fills that gap by developing a novel S-Ig-I;-R compartmental
model. The infected population is divided into early-stage (I) and late-stage (I}) compartments with differential
transmission rates (81 for Iz and B, for IL, where S5 > f81), variable recovery rates (yq and ¥3), and a
progression rate from early to late stage (). The study’s four objectives are: (1) formulate and parameterize a
deterministic stage-structured model for high-density residential institutions; (2) derive R, and establish stability
conditions for the diseasefree equilibrium; (3) perform sensitivity analysis to identify key transmission parameters;
and (4) translate theoretical results into practical, stage specific intervention strategies.

2. RESEARCH METHODS
2.1 Study Design and Scope

This is a purely theoretical mathematical modeling study. No primary field data were collected and no
calibration to observed outbreak data was performed. The model is a theoretical framework inspired by the
epidemiological context of pesantren rather than a data driven reconstruction of any specific outbreak.
Assumptions of a closed population, frequency dependent transmission, and permanent Immunity are
idealizations that permit rigorous analytical treatment. Future work should incorporate field data, demographic
turnover, and stochastic effects to enhance realism and predictive validity.

2.2 Model Structure and Assumptions

The population is partitioned into four mutually exclusive compartments: Susceptible (.9), Farly-stage
Infected (Ig), Late-stage Infected (I;), and Recovered (R). Susceptible individuals acquire infection through
frequency dependent contact at rates 81 (from Ig) and B, (from I}), where B, > B4, reflecting higher mite burden
in late-stage disease. Early-stage idividuals either progress to late-stage at rate a or recover directly at rate y;.
Late-stage individuals recover at rate y,. Recovery confers permanent immunity, making R an absorbing
compartment. The population is closed (no births, deaths, or migration), and environmental transmission is
excluded, so total population N is constant throughout (dN/dt = 0).

An important structural implication 1s that no biologically meaningful endemic equilibrium exists under
these assumptions. Setting all derivatives to zero with Iz > 0 forces S* = 0, which is epidemiologically trivial.
Therefore, the primary analytical focus is on the diseasefree equilibrium and Ky, which governs whether the
disease can invade a fully susceptible population.

2.3 Parameterization
All parameter values are drawn from published epidemiological and clinical scabies literature. Table 1

summarizes each parameter with its biological meaning, baseline value, unit, sensitivity range, and source.

Table 1. Model Parameter Values, Ranges, and Sources

Param. Description Baseline  Unit Range Justification Source

Transmission rate, Low mite burden; moderate

-1 E_0) S ]
ba early-stage (I) 0.10 day 0.05-0.20 ifectivity during incubation [14]
Transmission rate, High mite burden; crusted
B late-stage (I1), incl. 0.35 day™  0.20-0.50  scabies superspreader [14]; 19]
crusted cases potential
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Param. Description Baseline  Unit Range Justification Source

Progression rate Early stage 2 weeks; delayed

1 ;— . ) . ‘»”

“ from I to I, 0.071 day 0.05-0.10 treatment extends duration L4 119]
Recovery rate, early- — . Prompt treatment resolves e

1 stage (I5) to R 0.143  day 0.10-0.20 carly scabies in 7 days [16; 12]

v Recovery rate, late- 0033  day!  0.02-0.05 Late/crusted scabies requires [161: [1]

stage (I}) to R 1 month treatment

3. RESULT AND ANALYSIS

This section presents the analytical results of the S-Iz-I;-R model: (1) model formulation and
fundamental mathematical properties; (2) disease-free equilibrium and Ry derivation via the Next Generation
Matrix method; (3) local and global stability of the DFE; (4) discussion of the endemic equilibrium under this
model’s structural constraints; and (5) sensitivity analysis of Rq. All results are purely analytical.

8.1 Model Formulation and Fundamental Mathematical Properties

This research will discuss an S-I5-I; -R epidemiological model with the following compartments: individuals
who are imitially susceptible (S), individuals who are infected and begin to show symptoms, characterized by
itching and rashes, categorized as Early-stage infection (Ig), individuals who are infected and develop pus and
severe sores due to scratching, categorized as Late-stage Infection (I;), and individuals in the recovery phase or
recovered (R). Thus, the total population is:

N(&) = S(t) + Ig(0) + I, () + R(t) (M

The parameters used are: 81 represents the effective contact rate for transmission from Ig, 5, represents the
effective contact rate for transmission from I, & represents the progression rate from I to I}, y; represents the
recovery rate from I directly to R, and y, represents the recovery rate from I to R.

The assumptions used are: The population 1s closed, meaning there i1s no migration into or out of the
population, scabies transmission only occurs from student to student, and environmental factors are disregarded.

(Bile + B21)S
N Y1

Ig

Figure 1. Diagram of compartmen models S-Ig-I; -

Table 2. Description of The Parameters Used in The Model

Parameters Description

S(t) Susceptible individuals

I (t) Early-stage infected individuals

I (t) Late-stage infected individuals

R(t) Recovered individuals
B Effective contact rate for transmission from I
B: Effective contact rate for transmission from I,
A Progression rate from I to I,

yl Recovery rate from I directly to R

y2 Recovery rate from I, to R
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Assume the total population N = S + I + I; + R. The system of ordinary differential equations (ODEs)
describing the model is:

as _ (B11E+'811L)S
dc ’
dI (B1Ig+BalL)
d_f:—lEN S alg — vilg,
di
d_tL =alg — vl
dR .
2 = nle + vl @

Nonlinear systems of differential equations have a fundamental domain S(0) > 0, I;(0) > 0,1;(0) > 0,
and R(0)>0.
N(&) = @) + I (&) + 1,(¢) + R(¢) @)

s . _Ig , _1I R . - - .
Assume § = N le= FE , i = FL and r = v each representing the fraction of the susceptible, early-stage

infection, late-stage infection, and recovered classes in the population. Thus, we obtain equation (3),

s@+i.®+i;®+r@®) =1 4)
Equation (2) is simplified to become:

ds . .
Pl —(Byie + Briy)s,

di . . . .
d_: = (.Blle + .Hlll)s - ale — Vile,
dip _ . .
E =aly, — Y2l
dr . . =
L —yiie + V2l ®)

‘With the main constraint

s(0) =so > 0,i.(0) = ip, > 0,i;(0) = iy > 0,7(0) =1, > 0.

3.2 Positivity and Boundedness of Solutions

Theorem 8.1 (Positivity). I/ the initial conditions satisfy S(0) > 0, Iz (0) > 0,1,(0) = 0, and R(0) = 0, then
the solutions S(t), I (t), I, (t), and R(t) of the system (1) remain non negative for all ime t > 0.

Proof. We prove the positivity for each compartment by demonstrating that the rate of change becomes non
negative as the compartment value approaches zero, thus preventing it from crossing into negative values.

Suspectible Compartment (S):
The dynamics of S are given by:
as _ _ﬁ115+521LS

dat N

This can be viewed as a first order linear differential equation:
Z—f + A(t)S = 0,where A(t) = W >0.

The solution is obtained using the integrating factor method. The integrating factor is u(t) =
t L
exp ( fo A(t) dr). Multiplying through:
d
LS ue) =0,

Integrating both sides with respect to t:
S() - u(t) = S0).

Therefore,

S(8) = S(0)exp (— [, A(x) dr). ©6)
Since $(0) > 0 and the exponential function is always positive, S(t) > 0 for all £ > 0.

Early-Stage Infected Compartment (/):
The dynamics are:

dlg _ Balg+Bsl
d_f =S — (a v g
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This 1s a non homogeneous linear differential equation. We rewrite it as:

dlg

B1lg+pB21
—r (@ +y)lp ==EES

The integrating factor is pg (t) = exp ((@ + y;)t). Thus,
d Bilg+Bal
2 Up pup() = %5 “ g (0).

Integrating from 0O to t:

t
e (Ous(0) — 15(0) = [ B 50y, () ar.
0

Therefore,

15(0) = 1 (0)exp (—(a +1)0) + exp (—(@ + 1)0) [ exp (@r)0) LD 5(0) gz )

0
) . o . Ig+B2IL o - -
The first term 1s positive given Iz(0) > 0. The integrand %S 1s non negative for all T (as S(7) >
0 from above, and Ig, I; = 0 by the nature of the population). Therefore, the entire second term 1s non negative.

Hence, I;(t) = 0 forall t > 0.

Late-Stage Infected Compartment (/;):
The dynamics are:

This 1s also a non homogeneous linear equation:

dal
d_tL +)/21L = aIE

The integrating factor s y; (t) = exp (y,t). Then,
d
2 UL (0) = algu (8).
Integrating:
t
L (Op(t) = 1,(0) = [; alp(D)p(7) dr.
So,
t
I,(t) = I,(0)exp (=y,t) + exp (=V2t) [, alp(v)exp (¥,7) dr. ®)
Given [;(0) = 0 and Ig(7) = 0, it follows that I; (t) = 0 forall t > 0.

Recovered Compartment (R):

The dynamics are:
dR
2 = Nle tv2l.

This is a direct integral:
t
R(t) = R(0) + J, (11l (7) + y2 1. (7)) d. ©)
Since R(0) = 0 and the integrand is non negative, R(t) = 0 for all t > 0.
Having shown that each compartment remains non negative, we conclude that the system preserves the
positivity of solutions.

Theorem 8.2 (Boundedness of Solutions). 7%he feasible region Q = {(S,Ig,I,,R) E RY:S+ Iz + I, + R = N}
is positively imvariant for the system (1). That is, every solution with initial conditions i ) remains m S for
all t>0.

Proof. 'To prove boundedness, we consider the time derivative of the total population N:

dN _ ds dlg daly,

dR
= Ly =
dt dt dt dt dt

Substituting the expressions from the system (2):

dN I I I I
. [— L E;BZ LS] + [61 E;ﬁz LS — (a + Il + [alg — v2IL] + [vilg + 721L]
= 0.
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This shows that the total population N is constant. Since N is constant and all state variables are non negative
(from Theorem 3.1), it follows that:
0<S(),Ig(t),1,(t),R(t) < Nforallt = 0.
Therefore, all solutions are bounded and remain within the biologically feasible region Q.

3.3 Equilibrium Analysis and The Basic Reproduction Number (R )

A fundamental question in epidemiology is the longterm behavior of a disease: will it fade out or persist?
This is determined by analyzing the equilibrium points of the system and a key threshold parameter known as
the basic reproduction number, Rj.

3.3.1 Disease Free Equilibrium (DFE)
The DiseaseFree Equilibrium (DFE) is the state where the infection is entirely absent from the population.
To find it, we set the time derivatives to zero and the infected compartments to zero:

as  dl dl dr ;
= =ZE =L =20 = Owith I =01, =0.
dt  dt e dt

dr . - ds
From d—f =0and Iz =1, = 0, the equation 1s satisfied. From i 0, we get0 = 0. The recovered

compartment, in the absence of infection, will also be zero. Thus, the entire population remains susceptible. The
DFE 1s:

Ey = (813 1],R*) = (N,0,0,0).
In the normalized form, the DFE 1s (s7, i, i/, 7*) = (1,0,0,0).

3.3.2 Remark on the Endemic Equilibrium

A biologically meaningful endemic equilibriumone in which susceptible, infected, and recovered individuals
coexist at constant positive levels indefinitelydoes not exist under the current model assumptions. This is a direct
structural consequence of two features: (i) the population is closed with no demographic renewal (births or
immigration), and (i) recovery confers permanent immunity. Together, these imply that the recovered
compartment R grows monotonically until all infections cease. Formally, setting all derivatives of system (2) to
zero with I > 0 forces S = 0, leaving no susceptible individuals to sustain transmission. Consequently, no non
trivial endemic equilibrium exists in the full model, and the diseasefree equilibrium £ = (V, 0, 0, 0) is the only
equilibrium of the complete system.

This 1s a known and mathematically expected property of SIR type models with closed populations and
permanent immunity: the system describes a single epidemic wave that eventually exhausts susceptibles, after
which the infection dies out. The quantity B governs whether the disease can initially invade (R > /) and
determines the scale of the epidemic wave, not its persistence. The analysis in Sections 3.3 through 3.5
accordingly focuses on the diseasefree equilibrium, the mvasion threshold, and sensitivity analysis of £ which are
the epidemiologically meaningful quantities in this model. If the model were extended to include demographic
turnover (births, deaths) or waning immunity, a genuine endemic equilibrium with .§*> 0 could emerge, and its
stability would then be an appropriate subject of analysis.

3.4 Derivation of the Basic Reproduction Number (R)

The basic reproduction number, Ry, is defined as the average number of secondary infections produced by
one typical infected individual in a completely susceptible population. We compute Ry using the Next
Generation Matrix (NGM) method, a standardized approach in mathematical epidemiology.

The NGM method involves dentifying the nfected compartments (here, Iy and I;), and linearizing the
system around the DFE. We define two matrices, F and V, where:

F 1s the matrix of new infection terms.
V 1s the matrix of transition terms between and out of the infected compartments.

The next generation matrix is K = FV ™1, and R, is the spectral radius (the largest eigenvalue) of K.

For our system, the infected compartments are Iz and I;. The equations for these compartments from
system (2) are:

di Bilg+B21
Uy _ Bl (q gy,

daly,

at =0(IE—]/21L.
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are:

At the DFE, S = N. We separate the terms that correspond to new nfections (F) from other transitions (V).

di
d_f =Pilg + Bl + 0 — (a+vy)lE,
F v vy
di
d_L’L = 0 + (ZIE - YZIL'
Fy ’V\;— V;+
More precisely, we define:

_ [Bule + B2l _[a+y) ]

T_[ 0 ],V— —alg +y,1.)

The Jacobian matrices of F and V with respect to the infected compartments (I, I;), evaluated at the DFE,

[31 ﬁz V= [a+y1

The next generation matrix s K = FV ™1, First, we find V=1

vl = [Vz ] a+Y1
(a+Y1)V2 a+vy 1
(a+Y1)Y2 Y2
Now, compute K = FV ™1
0 B1 Ba2a B2
K = ['%1 ] a+y1 1| = [etn (a+y1)y2 Yz] .
(a+Y1)V2 Y2 0 0
Simplifying the (1,1) element:
K., = Bivz Bz _ Bivz2tfac
17 @ty)y: - (@ty)re (a+yDya
Thus,
BivztB2a B2
K [(«Hh)h }’2] .
0 0
The eigenvalues of K are the solutions to det (K — AI) = 0:
Biyv2tBaax B2
det [(a’ﬂﬁ)]/z 2 ] =0.
0 -

This gives:

Biv2+Baa N =
((a+Y1)V2 D) = 0.

Bivathaa and A

@Dy 5, = 0. The spectral radius, and hence the basic reproduction
Y1)v2

The eigenvalues are 1; =

number, is:
_ Pivz2thaa
0 (a+y)v2

The relative contribution of late-stage infections to R can be quantified as /Ry = ——— With

(a +Y )Yz 51Y2+.320!
the baseline parameter estimates from Table 1 (B2 =0.35, a=0.071, B1 = 0.10, v = 0.033), this fraction evaluates
to Baa/ (Bza + B1Y2) = (0.35 % 0.071) / (0.35 x 0.071 + 0.10 x 0.033) = 0.02485 / 0.02815 = (0.883, indicating that

approximately 88.3% of all transmission is attributable to individuals in the late stage. This underscores their role
as epidemic drivers and identifies them as the most effective targets for intervention.
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3.5 Stability Analysis of Equilibrium Points

3.5.1 Local Stability of the Diseasefree Equilibrium

Theorem 3.3 The discasefree equilibrium Ey = (N, 0,0,0) is locally asymptotically stable if Ry < 1, and unstable
ifRy > 1.

Proof. We analyze the stability of the DFLE by linearizing the system around it and examining the eigenvalues of
the resulting Jacobian matrix. The Jacobian matrix J of the system (2) is given by:

CBlstBl RS BS

N N N 0
_| Bilg + B2I,  BiS B2S
] N N~ (a+7v1) N 0]-
0 a -y, 0
0 Y1 Y2 0

Evaluating this at the DFE Ey = (N, 0,0,0), where S = N, Iy = 0,1, = 0, we get:

0 —B1 =B 0

0 - 0
J(E) = |, B ((01-’ +71) _ﬁ;z ol

0 N Y2 0

The eigenvalues A satisfy the characteristic equation det (J(Ey) — Al) = 0:

-4 —p1 —pB 0

0 Bi—(a+y)—4 B 0]_
det 0 a =2 0|7 0.

0 V1 Y2 -1

This is a block lower triangular matrix. The eigenvalues are the roots of the determinants of the diagonal
blocks. One block is [=A4] (from the 4th row/column), giving 1; = 0. Another block is from the 1st row/column,
but careful: the first row and column are not independent. A better approach is to note that the first and fourth
equations are decoupled from the nfection dynamics at the DFE for the purpose of stability. The stability is
determined by the infected subsystem (Ig, I;). The Jacobian for the infected subsystem at DFE is:

J.i(Ey) = [ﬁ1 —(@a+v) B ] .
a 72

The characteristic equation for this 2x2 matrix is:

det [ﬂ1 - (“;‘)’1) -1 _yfz_ /1] —o.

This expands to:
(61 — (@ +y1) —A(=y: —A) — B,a = 0.
=B —(@+y) — A2+ 1) — fa=0.

Multiply by -1:
(61— (@+y1) —Al(y2 + 1) + fa = 0.

Let's write it as:

A= (B = (@+y1))A+yz) + Bra=0.

This is a quadratic: A2 + a;A + ag = 0, where:
a; =y, +(@+y: =B,
ag =(a+y; =Py +Fa=v(a+vy1) = Piv2 + B

Note that ag = y2(a +y1)(1 =285 =y, (a +y1) (1 = Ry).
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By the Routh Hurwitz stability criterion for a quadratic, the roots have negative real parts if and only if a; >

0 and ay > 0.

e qgy>0ifandonlyifl —Ry > 0,1e., Ry < 1.

e a; =y, + (a+y; — f1). For biologically realistic parameters, a + y; (the rate of leaving the early stage) is
typically larger than the transmission rate 1, so a; > 0.

Therefore, if Ry < 1, both eigenvalues of the infected subsystem have negative real parts. The zero
eigenvalues from the S and R directions correspond to neutral stability along the manifold of equilibria (since
total Vis constant), but the infection will die out. Thus, the DFE is locally asymptotically stable when Ry < 1.
f Ry > 1, then ay < 0, implying at least one positive eigenvalue, and the DFE is unstable.

3.5.2 Global Stability of the Diseasefree Equilibrium

Local stability guarantees that the disease will die out only if the initial number of infected individuals is very
small. Global stability ensures that regardless of the mitial number of infected individuals, the disease will
eventually vanish, provided Ry < 1.

Theorem 3.4 IRy < 1, the discaselree equilibrium Ey is globally asymptotically stable in the feasible region ().
Proof.- We prove this by constructing a Lyapunov function, a scalar function that measures the distance from
the equilibrium. Consider the following Lyapunov function candidate:

L([E! [L) = aIE + bIL,

where a and b are positive constants to be determined. This function is positive definite in the infected
compartments and is zero at the DFE.
We compute the time derivative of L along the trajectories of the system:
dL di di
E =a d_tE +b d_tL .
aly
E.

Ig+p21
a(%s — (a +y)Ig) + b(alg —y,1,).

. o . . dl

Substituting the equations for d—f and
dL
a

.. s
Since S < N, we have " < 1. Thus,

dL
P < a(Bilg + B2l — (@ + y1)lg) + b(alg — v,1,).

Rearranging terms:

d
= < (aBy - a(@ +y1) + ba)lg + (aBy — by2)l,.

We now choose a and b to make the coefficients non positive. Let's choose b such that the coefficient of I,
s zero:

aP, —by,=0=b =22
Y2

Substitute b into the coefficient of Ig:
apy —a(a+y) + (Pa

2

= a(B; — (a +7y) + 2%

Y2

— a(M _ (at+v))y2 + M)
Y2 Y2 Y2

= (Biv2 + Boa = (@ +11)¥2)

a B1Y2+B2
=2 PuratPad 4
e CR EV 1 Commmewninld)

=a(a+y)(Ro— D).

Therefore, with our choice of b, we have:

dL

. dL . dL o o . .
If Ry <1, then o < 0. Furthermore, Py 0 if and only if Iz = 0. When Iz =0, from the equation

. di . . . L
for I, d_tL = —¥,1I;,s0; = 0. By LaSalle's Invariance Principle, all solutions in Q approach the largest invariant

set where Iy = I; = 0, which 1s the DFE. Hence, the DFE is globally asymptotically stable when Ry < 1.
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The Lyapunov function chosen in Theorem 3.4 1s constructed as a weighted linear combination of the early
and late-stage infected compartments, V = a; Iz + a, I;. Biologically, this function represents a weighted
measure of the total infection burden present in the population. When R, < 1, the time derivative of V 1s
negative definite, indicating that the overall infection burden strictly decreases over time untl it reaches zero,
nrrespective of the mitial number of infected students. This behavior intuitively shows that the disease cannot
maintain itself in the pesantren and will eventually die out naturally once R 1s brought below unity.

The absence of a biologically meaningful endemic equilibrium in this model carries important
epidemiological implications for scabies outbreaks in Islamic boarding schools. In a closed population with
permanent immunity, the disease 1s mathematically self-terminating in the sense that it exhausts the supply of
susceptibles — not in the sense of being benign or harmless. When R, > 1, the model predicts a large epidemic
wave that severely affects the population before susceptibles are depleted. This distinction is epidemiologically
critical: self-termination through susceptible exhaustion is not equivalent to a mild or controlled outbreak.
Therefore, the only effective way to prevent or control a major outbreak is to drive Ry below 1 through targeted
mterventions, particularly those focusing on late-stage cases.

3.5.3 Local Stability of the Diseasefree Equilibrium: Numerical Verification

Theorem 3.3 established analytically that the DFE is locally asymptotically stable when Ry < 1. To verify this
concretely, we evaluate the infected subsystem Jacobian Ji,r(Eg) at the Table 1 baseline values (B; =
0.10,8, = 0.35,a = 0.071,y; = 0.143,y, = 0.033). At these values, R, = (0.10 x 0.033 +
0.35 x 0.071) / (0.214 x 0.033) = (0.0033 + 0.02485) /0.007062 =~ 3.97 > 1, so the DFE is

unstable at baseline. To verify the stability criterion analytically for a hypothetical intervention scenario where

Ry < 1, suppose f-is reduced to 0.05 (aggressive treatment of late-stage cases). Then Ry = (0.10 x 0.033 +
0.05 x 0.071) / (0.214 x 0.033) = 0.62 < 1. The Routh-Hurwitz coefficients are a; = y, + (a +
y1 — B1) = 0.033 + (0.214 — 0.10) = 0.147 > 0; a, = V(@ + y1)(1 — Ry) = 0.033 X

0.214 x (1 — 0.62) = 0.00269 > 0. Both Routh-Hurwitz conditions are satisfied, confirming local
asymptotic stability of the DFE when R < 1, consistent with Theorem 3.3.

3.6 Sensitivity Analysis of Ry

To identify the parameters that most strongly influence disease transmission, we perform a sensitivity analysis
on the basic reproduction number Ry. We employ the normalized forward sensitivity index, as defined by Chitnis
etal. [21]. For a differentiable variable u that depends on a parameter p, the normalized forward sensitivity index
is given by

This index measures the relative change in uresulting from a relative change in p. A positive value indicates
that an increase in the parameter increases R, while a negative value indicates the opposite. The magnitude

reflects the degree of influence. Applied to R, with respect to a parameter p, the normalized forward sensitivity
dR,

mndex takes the form Y;f o= P
ap Ro
Recall that
_ Biva + B

R

Using the baseline parameter values (f; = 0.10, B, = 0.35, a = 0.071, y; = 0.143, y, = 0.033), we
compute the sensitivity indices for each parameter. The results are presented in Table 3.

Table 3. Normalized forward sensitivity indices of Ry with respect to model parameters at baseline values.

Index defined as YPRy = (0Ro/dp) X (p/Ro)

Parameter Sensitivity Index (Y go) Interpretation
B, +(0.883 Highest positive influence
B +0.117 Moderate positive influence
a +0.766 Strong positive influence
Y1 -0.766 Strong negative influence
Y2 -0.117 Moderate negative influence
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The sensitivity analysis reveals that R, 1s most sensitive to the late-stage transmission rate S, (Y = 40.883).
A 10% reduction in f, would decrease Ry by approximately 8.83%. The progression rate aand early-stage
recovery rate ¥4 also show high sensitivity (in opposite directions). In contrast, 8; and y, have relatively smaller
effects.

These findings confirm that interventions aimed at reducing late-stage transmission (such as prompt isolation
and treatment of crusted cases) and accelerating early-stage recovery (through active screening and immediate
treatment) are the most effective strategies for bringing Ry below the threshold value of 1 and controlling scabies
outbreaks in Islamic boarding schools.

Several model limitations should be acknowledged explicitly. First, the closed-population assumption
excludes demographic turnover: in a real pesantren, students enroll and graduate over time, and births or
migration could sustain a pool of susceptibles, potentially enabling genuine endemic persistence. Second,
permanent immunity is a strong simplification for scabies. Clinical evidence shows that immunity wanes and
reinfestation i1s common, particularly in institutional settings; incorporating waning immunity or reinfection
dynamics would likely raise the effective reproduction number and could produce endemic equilibria absent
here. Third, environmental transmission via contaminated bedding, clothing, or shared surfaces is excluded, even
though fomite-mediated spread contributes meaningfully to scabies persistence in close-quarters environments.
Fourth, the model is deterministic and homogeneous, ignoring stochastic extinction at low infection levels and
individual heterogeneity in contact rates. Future extensions incorporating demographic renewal, waning
immunity, environmental reservoirs, and stochastic effects would substantially increase the model’s realism and
predictive validity for informing public health policy in Indonesian Islamic boarding schools.

4. CONCLUSION

This study develops a stage structured S-Ig-[;-R compartmental model (Susceptible, Farly-stage Infected,
Late-stage Infected, Recovered) to analyze the transmission dynamics of scabies in high density congregate
settings, particularly Islamic boarding schools (pesantren) in Indonesia. The model explicitly incorporates
differential mite burden and infectivity between early- and late-stage infections, along with frequency dependent
transmission appropriate for closed residential environments. Qualitative analysis shows that the diseasefree
equilibrium 1s locally and globally asymptotically stable when the basic reproduction number Ry < 1. Under
baseline parameters derived from the literature, Ry > 1, indicating the potential for significant epidemic spread
in the absence of intervention. Sensitivity analysis identifies the late-stage transmission rate (f,) and early-stage
recovery rate (y;) as the most influential parameters. Interventions targeting prompt detection, isolation, and
treatment of late-stage cases (including crusted scabies) combined with active screening to accelerate early
recovery offer the greatest potential to reduce R, below the epidemic threshold. Due to the model’s assumptions
of a closed population and permanent immunity, the system describes a single epidemic wave that eventually
exhausts the pool of susceptibles, with no biologically meaningful endemic equilibrium. These i1dealizations
facilitate analytical tractability while highlighting the selflimiting nature of outbreaks under current assumptions;
however, they also underscore the need for extensions that incorporate demographic turnover, waning immunity,
and environmental transmission to better reflect real world pesantren settings. Overall, the model provides a
rigorous theoretical framework for understanding stage specific transmission dynamics of scabies and supports
evidence based, resource efficient control strategies in high-risk institutional environments. Future research
should validate and refine parameter estimates through field studies in Indonesian pesantren, integrate stochastic
effects or optimal control, and evaluate the cost effectiveness of targeted interventions focusing on late-stage cases.
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