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This study establishes exact formulas for the energy, Laplacian energy, and 
signless Laplacian energy of the lintang graph 𝐿! and its line graph 𝐿(𝐿!). An 
algebraic spectral framework is employed to construct the associated matrices 
and determine their eigenvalues explicitly. In contrast to general results on line 
graph energies introduced by Ivan Gutman and subsequent studies, this work 
focuses on a specific two-hub graph structure for which explicit spectral formulas 
have not been previously reported. The results show that 𝐸(𝐿!) = 2√2𝑛, 

ℒ𝐸(𝐿1) = 𝑄𝐸(𝐿1) =
10
3

, ℒ𝐸(𝐿𝑛) = 𝑄𝐸(𝐿𝑛) =
4(𝑛2−𝑛+2)

𝑛+2
 for 𝑛 ≥ 2, and 

𝐸(𝐿(𝐿!)) = ℒ𝐸(𝐿(𝐿!)) = 𝑄𝐸(𝐿(𝐿!)) = 4𝑛 − 4. These findings reveal a 
transition from sublinear to linear growth under the line graph transformation. 
The results contribute to spectral graph theory and are relevant to chemical 
graph theory and network analysis. 
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1. INTRODUCTION 

Graph theory plays a fundamental role in modern mathematics by providing a versatile framework for 
representing relationships and interactions within complex systems. A graph, consisting of vertices connected by 
edges, serves as an abstraction for modeling a wide range of real-world phenomena, including communication 
networks, social interactions, and molecular structures in chemistry [1], [2], [3], [4]. The arrangement of vertices 
and edges often reflects the complexity of the underlying system, making graphs effective tools for analyzing 
relational structures and system behavior [5], [6], [7], [8]. Beyond their combinatorial properties, graphs also 
possess spectral characteristics that can be studied through the eigenvalues of associated matrices, forming the 
foundation of spectral graph theory. 

Among the various graph classes, the lintang graph 𝐿!, defined as the join of 𝐾"$$$ and 𝐾!$$$$ for 𝑛 ∈ ℕ, 
represents a structured configuration consisting of two central vertices connected to a set of peripheral vertices 
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[9]. This construction produces heterogeneous connectivity and internal asymmetry, distinguishing it from more 
regular graph families. Such a two-hub structure naturally appears in simplified models of systems with dominant 
interacting components, for example in hub-based communication networks or molecular graphs with two 
principal interaction centers. Therefore, investigating its spectral properties provides insight into how structural 
imbalance influences global graph behavior. 

Graph transformations offer another perspective for examining how structural modifications affect graph 
properties. One of the most widely studied transformations is the line graph construction, in which each edge of 
a graph is associated with a vertex in a new graph. The line graph of the lintang graph, denoted by 𝐿(𝐿!), encodes 
edge-incidence relationships into adjacency relations among vertices [10]. This transformation is known to 
significantly modify spectral characteristics and has been extensively studied in the context of graph energy. 
Foundational work by Ivan Gutman and subsequent studies have explored the energy of line graphs and their 
relationships with the original graphs [10], [11], [12]. However, these results mainly address general graph families 
and do not provide explicit spectral formulas for structured graphs with heterogeneous vertex partitions such as 
lintang graphs. 

Within this framework, graph energy and its variants, including Laplacian energy and signless Laplacian 
energy, serve as fundamental spectral invariants for characterizing structural properties of graphs. The concept 
of Laplacian energy was formally introduced by Gutman and Zhou [13], and further developed through 
comprehensive studies on graph energies and their mathematical properties [14]. These measures are defined 
through the eigenvalues of adjacency, Laplacian, and signless Laplacian matrices, providing quantitative insight 
into how connectivity is distributed within a graph. 

Recent developments have demonstrated that these spectral measures play an important role in both 
theoretical and applied contexts. In particular, energy-based approaches have been utilized in network analysis, 
including structured networks such as torus graphs [15], while comparative studies have examined relationships 
among different types of graph energies [16]. Further advances have explored spectral radius, spread, and energy-
related invariants, especially in the context of signless Laplacian matrices and their associated properties [17], 
[18], [19], [20], [21]. 

In addition, these concepts have been extended to more specialized graph classes, including graphs with 
self-loops, algebraic graph structures, and applications arising from real-world systems [22], [23], [24], [25], [26]. 
Other studies have focused on Laplacian spectra, matrix approximations, and energy in specific algebraic or 
combinatorial graph constructions, such as zero divisor graphs and hypergraphs [27], [28], [29]. In many of these 
cases, obtaining explicit expressions for spectral energies depends on exploiting the structure of the associated 
matrices. In particular, block matrix techniques have proven to be highly effective for graphs with non-uniform 
vertex partitions or heterogeneous connectivity patterns [8], [30]. 

Despite these developments, explicit formulas for the energy, Laplacian energy, and signless Laplacian 
energy of the lintang graph and its line graph have not yet been established in the existing literature. This gap is 
significant because the structural characteristics of lintang graphs lead to non-trivial spectral patterns that cannot 
be directly inferred from general line graph results. Moreover, understanding these spectral properties is essential 
for explaining how graph transformations influence energy growth and spectral invariants. 

Motivated by this gap, this study derives exact formulas for the energy, Laplacian energy, and signless 
Laplacian energy of both 𝐿! and 𝐿(𝐿!) using an algebraic spectral approach based on block matrix 
decomposition. The results provide explicit spectral characterizations and reveal that the transformation from 𝐿! 
to 𝐿(𝐿!) changes the energy growth from sublinear to linear behavior. These findings contribute to the 
development of spectral invariants for structured graph classes and offer potential relevance in applications 
involving hub-based interaction models. 

The remainder of this paper is organized as follows. Section 2 describes the research methodology and 
spectral framework employed in this study. Section 3 presents the main results and analysis, including the 
derivation of eigenvalues and exact energy formulas. The final section summarizes the main findings and outlines 
directions for future research. 

 
2. RESEARCH METHOD 

This study adopts an algebraic–spectral approach to investigate energy-related invariants of the lintang graph 
and its associated line graph. The analysis begins with a structural characterization of the lintang graph 𝐿!, 
including its order, size, and vertex partition. These structural properties serve as the foundation for constructing 
the adjacency matrix, degree matrix, Laplacian matrix, and signless Laplacian matrix. Since the eigenvalues of 
these matrices determine graph energy, Laplacian energy, and signless Laplacian energy, their explicit 
formulation plays a central role in the analysis. 

Throughout this study, standard matrix notation is employed. The identity matrix of order 𝑘, denoted by 
𝐼#, is defined as a square matrix whose diagonal entries are equal to 1, while all other entries are equal to 0. In 
addition, 𝐽# denotes the 𝑘 × 𝑘 all-ones matrix, that is, a matrix in which every entry is equal to 1. These matrices 
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are used to represent regular block structures that arise naturally in the spectral analysis. All graphs considered 
are simple and undirected. The terminology is used consistently, where the lintang graph is denoted by 𝐿! and 
its line graph by 𝐿(𝐿!). The lintang graph considered in this work is defined as follows. 

 
Definition 1 [9] The lintang graph 𝐿! is defined as the join of 𝐾"$$$ and 𝐾!$$$$ for 𝑛 ∈ ℕ. Its vertex set is 

𝑉(𝐿!) = { 𝑣$ , 𝑡% ∣ 1 ≤ 𝑤 ≤ 2,  1 ≤ 𝑖 ≤ 𝑛 }, (1) 
and its edge set is 

𝐸(𝐿!) = { 𝑣$𝑡% ∣ 1 ≤ 𝑤 ≤ 2,  1 ≤ 𝑖 ≤ 𝑛 }. (2) 
This construction yields a graph in which each vertex 𝑣$ of 𝐾"$$$ is adjacent to every vertex 𝑡% of 𝐾!$$$$, forming the 
characteristic two-hub structure that distinguishes the lintang graph. 

To investigate how structural transformations affect spectral properties, this study also considers the line 
graph of the lintang graph. 

 
Definition 2 [10] The line graph of the lintang graph, denoted 𝐿(𝐿!), is defined by assigning a vertex to each 
edge of 𝐿!, so that 𝑉(𝐿(𝐿!)) = 𝐸(𝐿!). Two vertices 𝑥, 𝑦 ∈ 𝑉(𝐿(𝐿!)) are adjacent if and only if their 
corresponding edges in 𝐿! share a common vertex. This construction encodes the edge incidence relations of 𝐿! 
into a new graph whose connectivity is governed entirely by the presence of a common vertex in the original 
structure. 
For illustrative purposes, the structures of 𝐿& and 𝐿(𝐿&) are presented to demonstrate how edge-incidence 
relations in 𝐿! are transformed into vertex adjacency in 𝐿(𝐿!). 
 

 
 

Figure 1. Lintang Graph 𝐿& Figure 2. Line Graph of Lintang Graph 𝐿(𝐿&) 
 

The spectral analysis employed in this study relies on several standard concepts in spectral graph theory. 
 
Definition 3 [21] Let 𝐺 be a graph. The spectrum of 𝐺 is represented as a 2 × 𝑗 matrix, with the first row 
comprising the eigenvalues of the associated matrix of 𝐺 and the second row indicating the corresponding 
multiplicities of each eigenvalue. 
 
Definition 4 [10] Let 𝐺 be a graph with adjacency matrix 𝐴(𝐺). The energy of 𝐺, denoted by 𝐸(𝐺), is formally 
defined as 

𝐸(𝐺) =D|𝛾%|
!

%'(

, 
(3) 

where 𝛾(, 𝛾", … , 𝛾! are the eigenvalues of 𝐴(𝐺). 
 
Definition 5 [10] Let 𝐺 be a graph of order 𝑛 and size 𝑚, with adjacency matrix 𝐴(𝐺) and degree matrix 𝐷(𝐺). 
The Laplacian matrix of 𝐺 is defined as ℒ(𝐺) = 𝐷(𝐺) − 𝐴(𝐺), while the signless Laplacian matrix is defined as 
𝑄(𝐺) = 𝐷(𝐺) + 𝐴(𝐺). Let the eigenvalues of ℒ(𝐺) be denoted by 𝑠(, 𝑠", … , 𝑠!, and those of 𝑄(𝐺) by 
𝑞(, 𝑞", … . , 𝑞!. The Laplacian energy and the signless Laplacian energy of 𝐺, denoted by ℒ𝐸(𝐺) and 𝑄𝐸(𝐺), 
respectively, are given by 

ℒ𝐸(𝐺) = ∑ P𝑠% −
")
!
P!

%'( , 𝑄𝐸(𝐺) = ∑ P𝑞% −
")
!
P!

%'( . (4) 

Several auxiliary results are used in the spectral analysis. 
 
Lemma 1 [10] A graph 𝐺 exhibits identical spectral for ℒ(𝐺) and 𝑄(𝐺) if and only if it is bipartite. 
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Lemma 2 [8] Let 𝐴(, 𝐴", 𝐴&, 𝐴* be matrices of size 𝑝 × 𝑝, 𝑝 × 𝑞, 𝑞 × 𝑝, and 𝑞 × 𝑞, respectively. If 𝐴( or 𝐴* are 
invertible, then the determinant of the block matrix can be expressed as 

det U𝐴( 𝐴"
𝐴& 𝐴*

V = det(𝐴) det(𝐴* − 𝐴&𝐴(+(𝐴") = det(𝐴*) det(𝐴( − 𝐴"𝐴*+(𝐴&). 

Lemma 3 [8] Let 𝑀 and 𝑁 be block matrices of size 𝑟 × 𝑟, and consider 

𝑌 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑀 𝑁 𝑁 ⋯ 𝑁 𝑁
𝑁 𝑀 𝑁 ⋯ 𝑁 𝑁
𝑁 𝑁 𝑀 ⋯ 𝑁 𝑁
⋮ ⋯ ⋯ ⋱ ⋱ ⋮
𝑁 𝑁 𝑁 ⋯ 𝑀 𝑁
𝑁 𝑁 𝑁 ⋯ 𝑁 𝑀⎦

⎥
⎥
⎥
⎥
⎤

#×#

, 

then, the determinant of 𝑌can be expressed as 
det(𝑌) = (det(𝑀 − 𝑁))#+((det(𝑀 + (𝑘 − 1)𝑁)). 

The main results of this study are obtained through a structured spectral analysis. First, the vertex partition 
of the lintang graph 𝐿! induces a natural block structure in its associated matrices. This structure allows the 
adjacency, Laplacian, and signless Laplacian matrices to be expressed in block form. By applying block 
determinant techniques (Lemma 2 and Lemma 3), the characteristic polynomials are systematically reduced, 
leading to explicit expressions for the eigenvalues. 

Next, the same analytical framework is extended to the line graph 𝐿(𝐿!). In this transformation, each edge 
of 𝐿! becomes a vertex in 𝐿(𝐿!), resulting in a modified adjacency structure with a different but still regular block 
pattern. This regularity allows the eigenvalues of the associated matrices of 𝐿(𝐿!) to be derived using analogous 
block matrix techniques. 

Finally, the obtained eigenvalues are substituted into the definitions of graph energy, Laplacian energy, and 
signless Laplacian energy to derive explicit formulas. This procedure establishes a systematic connection between 
the structural properties of the lintang graph and the spectral energy invariants of its line graph. 

To support the validity of the derived formulas, a direct computation is carried out for small values of 𝑛, 
such as 𝑛 = 3. This step serves as an illustrative consistency check by comparing explicitly computed eigenvalues 
with the corresponding theoretical results. It is not intended as a large-scale computational analysis, but rather as 
a supporting step to confirm the correctness of the analytical derivations. 
 
3. RESULT AND ANALYSIS 

This section presents the main results on the spectral energies of the lintang graph 𝐿! and its corresponding 
line graph 𝐿(𝐿!). The analysis follows the algebraic framework described in Section 2, where the structural 
properties of the graph are translated into matrix representations and examined through spectral techniques. In 
particular, the adjacency matrix 𝐴(𝐺), Laplacian matrix ℒ(𝐺), and signless Laplacian matrix 𝑄(𝐺) are 
constructed explicitly, and their eigenvalues are derived using block determinant methods as stated in Lemma 2 
and Lemma 3. 

To improve clarity, the presentation is divided into two subsections. The first focuses on the lintang graph 
𝐿! as the fundamental structure, while the second examines its line graph 𝐿(𝐿!). This organization enables a 
direct comparison of how spectral energies evolve under graph transformation. In addition to the algebraic 
derivations, illustrative direct computations for small values of 𝑛 are included to confirm the correctness of the 
obtained formulas. These computations serve as consistency checks rather than a large-scale computational 
experiment. 

 
a. Lintang Graph 

The adjacency matrix and the degree matrix of the lintang graph 𝐿! are presented as follows. The adjacency 
matrix and the degree matrix of 𝐿! is given by 

𝐴(𝐿!) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 0 1 1 ⋯ 1 1
0 0 1 1 ⋯ 1 1
1 1 0 0 ⋯ 0 0
1 1 0 0 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
1 1 0 0 ⋯ 0 0
1 1 0 0 ⋯ 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

(!.")×(!.")

, 𝐷(𝐿!) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 0 0 0 ⋯ 0 0
0 𝑛 0 0 ⋯ 0 0
0 0 2 0 ⋯ 0 0
0 0 0 2 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 ⋯ 2 0
0 0 0 0 ⋯ 0 2⎦

⎥
⎥
⎥
⎥
⎥
⎤

(!.")×(!.")

 

From these matrices, the Laplacian matrix ℒ(𝐿!) and the signless Laplacian matrix 𝑄(𝐿!) of the lintang graph 
𝐿! can be derived as 
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ℒ(𝐿𝑛) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 0 −1 −1 ⋯ −1 −1
0 𝑛 −1 −1 ⋯ −1 −1
−1 −1 2 0 ⋯ 0 0
−1 −1 0 2 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
−1 −1 0 0 ⋯ 2 0
−1 −1 0 0 ⋯ 0 2 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

(𝑛+2)×(𝑛+2)

, 𝑄(𝐿𝑛) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 0 1 1 ⋯ 1 1
0 𝑛 1 1 ⋯ 1 1
1 1 2 0 ⋯ 0 0
1 1 0 2 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
1 1 0 0 ⋯ 2 0
1 1 0 0 ⋯ 0 2⎦

⎥
⎥
⎥
⎥
⎥
⎤

(𝑛+2)×(𝑛+2)

 

 

Theorem 1. Let 𝐿! be the lintang graph of order 𝑛 + 2 and size 𝑛. Then the following hold. 
a) 𝐸(𝐿!) = 2√2𝑛; 

b) ℒ𝐸(𝐿𝑛) = 𝑄𝐸(𝐿𝑛) = *
10

3
, 𝑛 = 1,

4(𝑛2−𝑛+2)

𝑛+2
, 𝑛 ≥ 2.

; 

Proof. 
a) To determine the graph energy of 𝐿!, we compute the characteristic polynomial of the adjacency matrix 

𝐴(𝐿!). Consider the matrix 𝛾𝐼 − 𝐴(𝐿!) and it’s partition in block form	 
 
 

𝛾𝐼 − 𝐴(𝐿!) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝛾 0 −1 −1 ⋯ −1 −1
0 𝛾 −1 −1 ⋯ −1 −1
−1 −1 𝛾 0 ⋯ 0 0
−1 −1 0 𝛾 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
−1 −1 0 0 ⋯ 𝛾 0
−1 −1 0 0 ⋯ 0 𝛾 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

(!#$)×(!#$)

=	 7 𝐴 𝐵
𝐵' 𝐶:, 

where 

𝐴 = U𝛾 0
0 𝛾V, 𝐵 = h−1 −1 ⋯ −1

−1 −1 ⋯ −1i"×!
, 𝐶 = k

𝛾 0 ⋯ 0
0 𝛾 ⋯ 0
⋮ ⋱ ⋱ ⋮
0 0 ⋯ 𝛾

l

!×!

 

Using the determinant formula stated in Lemma 2, together with straightforward algebraic simplification, we 
obtain 

det(𝛾𝐼 − 𝐴(𝐿!)) = det(𝐶) . det	(𝐴 − 𝐵𝐶+(𝐵8) 
 = 𝛾!(𝛾" − 2𝑛) 

Hence, the spectrum of 𝐿! is 

𝑆𝑝𝑒𝑐9(𝐿!) = U0 √2𝑛 −√2𝑛
𝑛 1 1

V 

Hence using Definition 4, only the two nonzero eigenvalues contribute: 
𝐸(𝐿!) =∣ √2𝑛 ∣ +∣ −√2𝑛 ∣= 2√2𝑛. 

b) Consider the Laplacian matrix of 𝐿! and form the matrix 𝑠𝐼 − ℒ(𝐿!) are given: 

𝑠𝐼 − ℒ(𝐿!) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑠 − 𝑛 0 1 1 ⋯ 1 1
0 𝑠 − 𝑛 1 1 ⋯ 1 1
1 1 𝑠 − 2 0 ⋯ 0 0
1 1 0 𝑠 − 2 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
1 1 0 0 ⋯ 𝑠 − 2 0
1 1 0 0 ⋯ 0 𝑠 − 2⎦

⎥
⎥
⎥
⎥
⎥
⎤

(!.")×(!.")

= h 𝐴 𝐵
𝐵8 𝐶i 

where, 𝐴 = h𝑠 − 𝑛 0
0 𝑠 − 𝑛i, 𝐵 = h1 1 ⋯ 1

1 1 ⋯ 1i"×!
, 𝐶 = k

𝑠 − 2 0 ⋯ 0
0 𝑠 − 2 ⋯ 0
⋮ ⋱ ⋱ ⋮
0 0 ⋯ 𝑠 − 2

l

!×!

.  
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Then det(𝐴) = (𝑠 − 𝑛)" and 𝐵8𝐴+(𝐵 = "
:+!

𝐽!×!	where 𝐽!×! denotes the 𝑛 × 𝑛 all-ones matrix. Hence 

𝐶 − 𝐵8𝐴+(𝐵 = (𝑠 − 2)𝐼! −
"

:+!
𝐽!×!. Because 𝐽!×! has one eigenvalue 𝑛 and 𝑛 − 1 eigenvalues 0, the 

determinant of 𝐶 − 𝐵8𝐴+(𝐵 can be computed as 

det(𝐶 − 𝐵8𝐴+(𝐵) = r𝑠 − 2 − "!
:+!

s (𝑠 − 2)!+( = (:+")(:+!)+"!
:+!

. (𝑠 − 2)!+(. 

      Applying determinant formula (with 𝐴 nonsingular) in Lemma 2, yields  
det(𝑠𝐼 − ℒ(𝐿!))	 =	det(𝐴) . det	(𝐶 − 𝐵8𝐴+(𝐵) 

 
= (𝑠 − 𝑛)"

(𝑠 − 2)(𝑠 − 𝑛) − 2𝑛
𝑠 − 𝑛 . (𝑠 − 2)!+( 

 = 𝑠(𝑠 − 2)!+((𝑠 − 𝑛)t𝑠 − (𝑛 + 2)u. 
Therefore the Laplacian spectrum of 𝐿! is 

𝑆𝑝𝑒𝑐ℒ(𝐿!) = h0 2 𝑛 𝑛 + 2
1 𝑛 − 1 1 1 i. 

Next, the Laplacian energy of the lintang graph 𝐿! is given by: 
ℒ𝐸(𝐿!) = |0 − 𝑑̄| + (𝑛 − 1)|2 − 𝑑̄| + |𝑛 − 𝑑̄| + |(𝑛 + 2) − 𝑑̄|, 

where 𝑑̄ is the average degree: 

𝑑̄ =
2|𝐸|
|𝑉| =

4𝑛
𝑛 + 2. 

Hence, 

ℒ𝐸(𝐿!) = x
(<
&
, 𝑛 = 1,

*(!"+!.")
!."

, 𝑛 ≥ 2.
. 

Since the lintang graph 𝐿! is bipartite, it follows from Lemma 1 that 

𝑄𝐸(𝐿!) = ℒ𝐸(𝐿!) = x
(<
&
, 𝑛 = 1,

*(!"+!.")
!."

, 𝑛 ≥ 2.
. ∎ 

To verify the correctness of the obtained formulas, consider the case 𝑛 = 3 (see Figure 1). In this case, the 
lintang graph 𝐿& has order 5 and size 6. The adjacency matrix, Laplacian matrix, and signless Laplacian 
matrix of 𝐿& are given by 

𝐴(𝐿&) =

⎣
⎢
⎢
⎢
⎡
0 0 1 1 1
0 0 1 1 1
1 1 0 0 0
1 1 0 0 0
1 1 0 0 0⎦

⎥
⎥
⎥
⎤
, ℒ(𝐿&) =

⎣
⎢
⎢
⎢
⎡
3 0 −1 −1 −1
0 3 −1 −1 −1
−1 −1 2 0 0
−1 −1 0 2 0
−1 −1 0 0 2 ⎦

⎥
⎥
⎥
⎤
. 𝑄(𝐿&) =

⎣
⎢
⎢
⎢
⎡
3 0 1 1 1
0 3 1 1 1
1 1 2 0 0
1 1 0 2 0
1 1 0 0 2⎦

⎥
⎥
⎥
⎤
. 

Direct numerical computation of the eigenvalues of 𝐴(𝐿&) produces the spectrum 

𝑆𝑝𝑒𝑐9(𝐿&) = U0 |2(3) −|2(3)
3 1 1

V = U0 √6 −√6
3 1 1

V 

Taking the sum of the absolute values confirms 

𝐸(𝐿&) = |0| + |√6| + | − √6| = 2√6, 
Substituting 𝑛 = 3 into the derived formula yields 

𝐸(𝐿&) = 2|2(3) = 2√6, 
which agrees with the theoretical formula. A similar substitution for the Laplacian energy and signless 
Laplacian energy gives 

𝑑̄ =
2|𝐸|
|𝑉| =

2(6)
5 =

12
5 = 2.4 

𝑆𝑝𝑒𝑐ℒ(𝐿&) = h0 2 3 3 + 2
1 3 − 1 1 1 i = h0 2 3 5

1 2 1 1i 

ℒ𝐸(3) = |0 − 𝑑̄| + 2|2 − 𝑑̄| + |3 − 𝑑̄| + |5 − 𝑑̄| = |0 − 2.4| + 2|2 − 2.4| + |3 − 2.4| + |5 − 2.4| = 6,4 

ℒ𝐸(𝐿&) = 𝑄𝐸(𝐿&) =
4((3)" − 3 + 2)

3 + 2 =
4(9 − 3 + 2)

5 = 6.4, 

which agrees with the theoretical formula. 
The obtained results show that the energy of the lintang graph grows as 
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𝐸(𝐿!) = 2√2𝑛, 
indicating sublinear growth with respect to the number of vertices. In contrast, both Laplacian energy and 
signless Laplacian energy grow linearly with respect to 𝑛, meaning that their values increase in direct 
proportion to the size of the graph. This difference reflects the heterogeneous structure of 𝐿!, where two 
central vertices are connected to a set of peripheral vertices, resulting in only two nonzero adjacency 
eigenvalues. 

b. Line Graph of Lintang Graph 
From Definition 2, the adjacency matrix and degree matrix of 𝐿(𝐿!) is obtained as 

𝐴(𝐿(𝐿!)) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 1 1 0 1 ⋯ 1 0
1 0 0 1 0 ⋯ 0 1
1 0 0 1 1 ⋯ 1 0
0 1 1 0 0 ⋯ 0 1
1 0 1 0 0 ⋯ 1 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
1 0 1 0 1 ⋯ 0 1
0 1 0 1 0 ⋯ 1 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

("!)×("!)

, 𝐷(𝐿(𝐿!)) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 0 0 0 0 ⋯ 0 0
0 𝑛 0 0 0 ⋯ 0 0
0 0 𝑛 0 0 ⋯ 0 0
0 0 0 𝑛 0 ⋯ 0 0
0 0 0 0 𝑛 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 0 ⋯ 𝑛 0
0 0 0 0 0 ⋯ 0 𝑛⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

("!)×("!)

 

Hence, the Laplacian matrix of the line graph is 

ℒ(𝐿(𝐿!)) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 −1 −1 0 −1 ⋯ −1 0
−1 𝑛 0 −1 0 ⋯ 0 −1
−1 0 𝑛 −1 −1 ⋯ −1 0
0 −1 −1 𝑛 0 ⋯ 0 −1
−1 0 −1 0 𝑛 ⋯ −1 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
−1 0 −1 0 −1 ⋯ 𝑛 −1
0 −1 0 −1 0 ⋯ −1 𝑛 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(!×")×(!×")

. 

Similarly, the signless Laplacian matrix is given by 

𝑄(𝐿(𝐿!)) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝑛 1 1 0 1 ⋯ 1 0
1 𝑛 0 1 0 ⋯ 0 1
1 0 𝑛 1 1 ⋯ 1 0
0 1 1 𝑛 0 ⋯ 0 1
1 0 1 0 𝑛 ⋯ 1 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
1 0 1 0 1 ⋯ 𝑛 1
0 1 0 1 0 ⋯ 1 𝑛⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(!×")×(!×")

. 

 
Theorem 2.  Let 𝐿(𝐿!) be the line graph of the lintang graph. Then the graph energy of 𝐿(𝐿!) is 

𝐸t𝐿(𝐿!)u = ℒ𝐸t𝐿(𝐿!)u = 𝑄𝐸t𝐿(𝐿!)u = 4𝑛 − 4. 
Proof. 
To determine the eigenvalues of the adjacency matrix, consider the characteristic matrix 

𝛾𝐼 − 𝐴t𝐿(𝐿!)u =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝛾 −1 −1 0 −1 ⋯ −1 0
−1 𝛾 0 −1 0 ⋯ 0 −1
−1 0 𝛾 −1 −1 ⋯ −1 0
0 −1 −1 𝛾 0 ⋯ 0 −1
−1 0 −1 0 𝛾 ⋯ −1 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
−1 0 −1 0 −1 ⋯ 𝛾 −1
0 −1 0 −1 0 ⋯ −1 𝛾 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

("!)×("!)

. 

This matrix can be expressed in block form as 

𝛾𝐼 − 𝐴t𝐿(𝐿!)u =

⎣
⎢
⎢
⎢
⎢
⎡
𝑀 𝑁 𝑁 ⋯ 𝑁 𝑁
𝑁 𝑀 𝑁 ⋯ 𝑁 𝑁
𝑁 𝑁 𝑀 ⋯ 𝑁 𝑁
⋮ ⋯ ⋯ ⋱ ⋱ ⋮
𝑁 𝑁 𝑁 ⋯ 𝑀 𝑁
𝑁 𝑁 𝑁 ⋯ 𝑁 𝑀⎦

⎥
⎥
⎥
⎥
⎤

!×!

 

with  𝑀 = U 𝛾 −1
−1 𝛾 V, 𝑁 = h−1 0

0 −1i.  

From direct computation, 
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𝑀−𝑁 = U𝛾 + 1 −1
−1 𝛾 + 1V 

𝑀+ (𝑛 − 1)𝑁 = U
𝛾 + (𝑛 − 1)(−1) −1 + (𝑛 − 1)0
−1 + (𝑛 − 1)0 𝛾 + (𝑛 − 1)(−1)V = U𝛾 − 𝑛 + 1 −1

−1 𝛾 − 𝑛 + 1V. 

Thus, using block determinant formulas in Lemma 3: 

det r𝛾𝐼 − 𝐴t𝐿(𝐿!)us = (det(𝑀 − 𝑁))!+( det(𝑀 + (𝑛 − 1)𝑁) 

 
= ~det U𝛾 + 1 −1

−1 𝛾 + 1V�
!+(

det U𝛾 − 𝑛 + 1 −1
−1 𝛾 − 𝑛 + 1V 

 = ((𝛾 + 1)" − 1)!+(((𝛾 − 𝑛 + 1)" − 1) 
 = (𝛾" + 2𝛾)!+((𝛾" − 2𝛾𝑛 + 𝑛" + 2𝛾 − 2𝑛) 
 = 𝛾!+((𝛾 + 2)!+((𝛾 − 𝑛 + 2)(𝛾 − 𝑛). 

Hence, the characteristic polynomial is 
𝑝(𝐿(𝐿!), 𝛾) = 𝛾!+((𝛾 + 2)!+((𝛾 − 𝑛 + 2)(𝛾 − 𝑛).	 

The adjacency spectrum is  

𝑆𝑝𝑒𝑐9	(𝐿(𝐿!)) = h 0 −2 𝑛 − 2 𝑛
𝑛 − 1 𝑛 − 1 1 1i. 

Hence, the graph energy follows as  
𝐸(𝐿(𝐿!)) = (𝑛 − 1)|0| + (𝑛 − 1)|−2| + |𝑛 − 2| + |𝑛| 

 = 2(𝑛 − 1) + (𝑛 − 2) + 𝑛 
 = 4𝑛 − 4. 

Using the same block decomposition for 𝑠𝐼 − ℒ(𝐿(𝐿!)), we obtain the characteristic polynomial 
𝑝(𝐿(𝐿!), 𝑠) = 𝑠(𝑠 − 2)(𝑠 − 𝑛)(!+()(𝑠 − 𝑛 − 2)(!+(), 

which yields the Laplacian spectrum 

𝑆𝑝𝑒𝑐ℒ	(𝐿(𝐿!)) = h0 2 𝑛 𝑛 + 2
1 1 𝑛 − 1 𝑛 − 1i. 

Given that the graph has order 2𝑛 and size 𝑛", and that the average degree is 𝑑̄ = "∣>∣
∣?∣

= 𝑛, the Laplacian energy 

can be computed as follows 
ℒ𝐸(𝐿(𝐿!)) = |0 − 𝑛| + |2 − 𝑛| + (𝑛 − 1)|𝑛 − 𝑛| + (𝑛 − 1)|𝑛 + 2 − 𝑛| 

 = 𝑛 + 𝑛 − 2 + 2𝑛 − 2 
 = 4𝑛 − 4. 

A similar procedure can be applied to the signless Laplacian matrix of the line graph 𝐿(𝐿!), yielding the 
characteristic polynomial 

𝑝(𝐿(𝐿!), 𝑞) = (𝑞 − (𝑛 − 2))!+((𝑞 − 𝑛)!+((𝑞 − (2𝑛 − 2))(𝑞 − 2𝑛), 
with the corresponding spectrum 

Spec@(𝐿(𝐿!)) = h𝑛 − 2 𝑛 2𝑛 − 2 2𝑛
𝑛 − 1 𝑛 − 1 1 1 i. 

Using the same average degree 𝑑̄ = 𝑛 as in the Laplacian energy calculation of the line graph of 𝐿!, the signless 
Laplacian energy is computed as 
𝑄𝐸(𝐿(𝐿!)) = (𝑛 − 1)|𝑛 − 2 − 𝑛| + (𝑛 − 1)|𝑛 − 𝑛| + |2𝑛 − 2 − 𝑛| + |2𝑛 − 𝑛| 

 = 2(𝑛 − 1) + 0 + (𝑛 − 2) + 𝑛 
 = 4𝑛 − 4. ∎ 

The coincidence of the three energy measures for the line graph 𝐿(𝐿!) follows from the regularity of its 
structure and the resulting linear relations among the corresponding spectra. Since 𝐿(𝐿!) is (𝑛 + 2) −regular, 
the adjacency, Laplacian, and signless Laplacian matrices satisfy 

ℒ = (𝑛 + 2)𝐼 − 𝐴, 𝑄 = (𝑛 + 2)𝐼 + 𝐴. 
Because these matrices are affine transformations of the same adjacency spectrum, all eigenvalue deviations 

used in their energy definitions ultimately depend only on the magnitudes of the adjacency eigenvalues. In the 
Laplacian-based energies, the central term is the average degree, which for any simple graph is 

𝑑̄ =
2|𝐸|
|𝑉| , 

and this equals the regularity parameter of 𝐿(𝐿!). 
More precisely, letting {𝛾%} denote the adjacency eigenvalues of 𝐿(𝐿!), the Laplacian and signless Laplacian 
eigenvalues satisfy 

𝑠% =
2|𝐸|
|𝑉| − 𝛾% , 𝑞% =

2|𝐸|
|𝑉| + 𝛾% . 
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It follows that 

�𝑠% −
2|𝐸|
|𝑉| � =

|𝛾%| = �𝑞% −
2|𝐸|
|𝑉| � 

so the ordinary energy, the Laplacian energy, and the signless Laplacian energy reduce to the same absolute 
spectral values. Therefore, all three energies of 𝐿(𝐿!) are identical. 

To further confirm the validity of the obtained formula, consider again the case 𝑛 = 3 (see Figure 2). The 
line graph 𝐿(𝐿&) contains 6 vertices and 9 edges. The adjacency matrix, Laplacian matrix, and signless Laplacian 
matrix of 𝐿(𝐿&) are given by 

𝐴(𝐿(𝐿,)) =

⎣
⎢
⎢
⎢
⎢
⎡
0 1 1 0 1 0
1 0 0 1 0 1
1 0 0 1 1 0
0 1 1 0 0 1
1 0 1 0 0 1
0 1 0 1 1 0⎦

⎥
⎥
⎥
⎥
⎤

,ℒ(𝐿(𝐿,)) =

⎣
⎢
⎢
⎢
⎢
⎡
3 −1 −1 0 −1 0
−1 3 0 −1 0 −1
−1 0 3 −1 −1 0
0 −1 −1 3 0 −1
−1 0 −1 0 3 −1
0 −1 0 −1 −1 3 ⎦

⎥
⎥
⎥
⎥
⎤

. 𝑄(𝐿(𝐿,)) =

⎣
⎢
⎢
⎢
⎢
⎡
3 1 1 0 1 0
1 3 0 1 0 1
1 0 3 1 1 0
0 1 1 3 0 1
1 0 1 0 3 1
0 1 0 1 1 3⎦

⎥
⎥
⎥
⎥
⎤

. 

Direct numerical computation of the adjacency eigenvalues yields 

𝑆𝑝𝑒𝑐9	(𝐿(𝐿&)) = h 0 −2 3 − 2 3
3 − 1 3 − 1 1 1i = h0 −2 1 3

2 2 1 1i 
The sum of their absolute values equals 8. 
Substituting 𝑛 = 3 into the formula gives 𝐸(𝐿(𝐿&)) = 4(3) − 4 = 8, which agrees with the theoretical formula. 
A similar substitution for the Laplacian energy and signless Laplacian energy gives 

𝑑̄ =
2|𝐸|
|𝑉| =

2(9)
6 = 3 

𝑆𝑝𝑒𝑐ℒ	(𝐿(𝐿&)) = h0 2 3 3 + 2
1 1 3 − 1 3 − 1i = h0 2 3 5

1 1 2 2i 

ℒ𝐸(𝐿&) = |0 − 3| + |2 − 3| + 2|3 − 3| + 2|5 − 3| = 8. 

ℒ𝐸(𝐿&) = 4𝑛 − 4 = 4(3) − 4 = 8. 

Spec@(𝐿(𝐿&)) = h3 − 2 3 2(3) − 2 2(3)
3 − 1 3 − 1 1 1 i = h1 3 4 6

2 2 1 1i 

𝑄𝐸(𝐿(𝐿&)) = 2|1 − 3| + 2|3 − 3| + |4 − 3| + |6 − 3| = 8. 

𝑄𝐸(𝐿(𝐿&)) = 4(3) − 4 = 8, 

which agrees with the theoretical formula. 
In contrast to the original graph, the energy of the line graph grows linearly as 

𝐸(𝐿(𝐿!)) = 4𝑛 − 4. 
Moreover, the equality 

𝐸(𝐿(𝐿!)) = ℒ𝐸(𝐿(𝐿!)) = 𝑄𝐸(𝐿(𝐿!)) 
holds due to the regular structure of the line graph, where all vertices have equal degree. This regularity 
induces affine relationships between the adjacency, Laplacian, and signless Laplacian spectra, causing all 
three energy measures to coincide. 

  

Figure 3. Energy vs Laplacian Energy vs Signless 
Laplacian Energy of Lintang Graph 

Figure 4. Energy vs Laplacian Energy vs Signless 
Laplacian Energy of Line Graph of Lintang 
Graph 
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Figures 3 and 4 illustrate the behavior of the energy, Laplacian energy, and signless Laplacian energy as 
functions of 𝑛. Figure 3 shows that for the lintang graph 𝐿!, the adjacency energy increases more slowly compared 
to the Laplacian-based energies, reflecting its sublinear growth. In contrast, Figure 4 demonstrates that all three 
energy measures of the line graph 𝐿(𝐿!) coincide and increase linearly with respect to 𝑛. These plots visually 
confirm the analytical results and highlight the significant impact of the line graph transformation on spectral 
energy behavior. 

The obtained results can be interpreted within the broader framework of spectral graph theory. Previous 
studies, such as Energy of line graphs [10], have shown that the energy of line graphs is closely related to the 
structural properties of the original graph. Furthermore, Relation between signless Laplacian energy and graph 
energy [11] and Signless Laplacian energy of a graph and energy of a line graph [12] established general 
relationships between adjacency-based and Laplacian-based energies. The present findings are consistent with 
these results and provide a concrete example where all three energy measures coincide. 

From a structural perspective, the difference in growth behavior between 𝐿! and 𝐿(𝐿!) is particularly 
significant. The sublinear growth of 𝐸(𝐿!) reflects the concentration of connectivity around two central vertices, 
whereas the linear growth of 𝐸(𝐿(𝐿!)) indicates that the line graph transformation redistributes adjacency 
relations more uniformly across vertices. This transformation effectively converts a two-hub structure into a 
regular graph, leading to a more evenly distributed spectral profile. 

These results also have potential implications in applications. In network analysis, graphs with two dominant 
vertices can serve as simplified models of communication systems with central controllers, while their line graphs 
represent interactions between communication links. In theoretical chemistry, similar structures may arise in 
molecular graphs with two principal atoms connected to multiple substituents, where spectral energy is related to 
molecular stability. 

Finally, this study opens several directions for further research. One possible extension is to investigate joins 
of independent sets involving more than two central vertices, leading to multi-hub graph structures. Another 
direction is to explore how other graph transformations, such as subdivision graphs or total graphs, influence 
spectral energy measures. These generalizations would contribute to a broader understanding of how structural 
modifications affect spectral invariants in complex networks. 
 
4. CONCLUSION 

This study establishes exact formulas for the energy, Laplacian energy, and signless Laplacian energy of the 
lintang graph 𝐿! and its line graph 𝐿(𝐿!), providing explicit spectral characterizations for a structured two-hub 
graph class that has not been previously reported in this form. The results demonstrate that 𝐸(𝐿!) = 2√2𝑛, 
while ℒ𝐸(𝐿!) = 𝑄𝐸(𝐿!) are expressed as rational functions of 𝑛; moreover, the transformation to the line graph 
results in the relation 𝐸(𝐿(𝐿!)) = ℒ𝐸(𝐿(𝐿!)) = 𝑄𝐸(𝐿(𝐿!)) = 4𝑛 − 4. Taken together, these formulas show 
that the heterogeneous two-hub structure of 𝐿! produces sublinear growth in adjacency energy, whereas the line 
graph transformation reorganizes edge interactions into a more uniform configuration that induces linear growth 
and spectral equivalence across the three energy measures. These findings provide a clear structural–spectral 
interpretation that can be used to benchmark energy behavior in other non-regular graph families and to validate 
newly derived spectral formulas. In addition, the explicit expressions offer practical utility in chemical graph 
theory, where energy-related indices are used to approximate molecular stability, as well as in network design, 
where controlling spectral properties is essential for optimizing connectivity patterns. More broadly, the results 
highlight how structural transformations systematically reshape spectral invariants, offering a concrete reference 
for analyzing similar graph constructions. This framework can be extended to more general graph families, 
including multi-hub configurations and alternative graph transformations, to further investigate how structural 
modifications influence spectral energy measures in complex networks. 
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