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Article Info ABSTRACT

. . Leptospirosis is a zoonotic disease whose transmission is influenced by
Ariicle history: teractions LS. vectors. : A conditions. This

mnteractions between humans, vectors, and environmental conditions. This
Accepted 25 January 2026 study proposes a novel SEITR-SI model that simultaneously integrates
treatment dynamics and hydroclimate-dependent transmission within a single
analytically tractable framework. Unlike previous SEIR-SI and SIR-SI
formulations that either exclude treatment or incorporate hydroclimatic effects
through explicit environmental compartments, the proposed model represents
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Routh-Hurwitz criterion. The analysis confirms classical threshold behavior
governed by Ry, while numerical simulations reveal that increased hydrochmatic
transmission intensity elevates endemic infection levels even under higher
treatment rates. These findings highlight that treatment alone may be insufficient
in hydroclimate-sensitive environments and underscore the importance of
mtegrated control strategies combining medical intervention with environmental
and vector management.
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1. INTRODUCTION

Leptospirosis 1s a zoonotic disease caused by the pathogenic bacterium Leptospira interrogans, which is
transmitted to humans through direct or indirect contact with water or soil contaminated by the urine of infected
animals, particularly rodents [1], [2], [3], [4], [5], [6]. This disease is commonly reported in tropical and
subtropical regions with high rainfall, including Indonesia, where frequent flooding and poor sanitation increase
human exposure to contaminated environments [7], [8], [9], [10]. Rodents such as rats play a central role as
reservolr hosts, especially in densely populated urban areas, where environmental conditions support high rodent
population density and sustained transmission [11], [12].

Leptospirosis presents a diagnostic challenge due to its nonspecific clinical symptoms, which often resemble
other infectious diseases such as dengue, malaria, or influenza [13], [14], [15], [16], [17]. Data from the Ministry
of Health of the Republic of Indonesia shows that in 2024 there were 1,506 cases of leptospirosis reported by
sixteen provinces. Of the reported cases, there were 121 deaths with a case fatality rate (CFR) of 8.03% [18].
These conditions highlight the mmportance of understanding the mechanisms driving leptospirosis spread,
particularly the role of environmental and hydroclimatic factors.
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The main factor in the spread of leptospirosis is contaminated stagnant water [19], [20]. Mathematical
modeling has therefore become an essential framework for analyzing disease dynamics and evaluating
intervention strategies [21], [22], [23]. Previous compartmental models such as the SEIR-SI model in [24]
incorporate exposed human classes, while the SIR-SI model in [25] introduces hydroclimatic effects through
explicit rate modifications in infected rodents. However, these approaches either neglect treatment dynamics or
incorporate hydroclimatic influences through additional environmental compartments or explicit time-
dependent climate data, which increases model complexity and may limit analytical tractability.

To address these Limitations, this study proposes a SEITR-SI model that integrates treatment dynamics
while incorporating hydroclimatic influences implicitly through a hydroclimate-dependent transmission rate,
without introducing additional environmental compartments. Unlike [24], which focuses on exposed human
compartments without incorporating treatment effects into the stability framework, and [25], which models
hydroclimatic effects explicitly through modified rodent infection rates, the proposed formulation integrates
treatment dynamics within the same analytical structure while preserving tractability. In contrast to [25], where
hydroclimatic variability directly alters transmission structure, the present model maintains a constant threshold
formulation for R while allowing hydroclimatic transmission intensity to influence endemic persistence levels.

Despite these developments, limited attention has been given to simultaneously integrating treatment
dynamics and hydroclimate-dependent transmission within a unified and analytically tractable SEITR-SI
framework. Understanding this interaction is important in hydroclimate-sensitive regions, where environmentally
driven transmission may counteract medical interventions.

The primary objective of this study is to analyze the local stability of equilibrium points and to nvestigate
how variations in treatment rate and hydroclimatic transmission intensity affect disease persistence. Numerical
simulations are conducted to validate analytical results and to explore parameter sensitivity. The findings suggest
that although treatment reduces infection prevalence, strong hydroclimatic transmission intensity can sustain
endemic conditions, highlighting the necessity of integrated strategies combining medical treatment with
environmental and vector control in hydroclimate-sensitive regions.

2. RESEARCH METHOD
2.1 Model Structure

The SEITR-SI model consists of two populations, namely humans and rat vectors. The model is first
formulated with a general hydroclimate-dependent transmission rate to capture hydroclimatic influences. In the
human population there are susceptible (Sy), exposed (Ey), infected (I), treated (Ty), and recovered (Rp)
compartments. The vector population consists of susceptible (Sy) and infected (Iy) rats.

Hydroclimatic influence is incorporated through a hydroclimate-dependent transmission parameter By,
representing environmental transmission intensity from infected vectors to susceptible humans. In this study, By
1s treated as a constant parameter reflecting average hydroclimatic conditions rather than an explicit time-
dependent function of rainfall or flooding data. This assumption preserves analytical tractability while allowing
qualitative assessment of hydroclimatic effects through variations in transmission intensity.

The model is constructed under the following assumptions: 1) all populations are closed, 2) the total human
and vector populations are constant, 3) There 1s no population migration, 4) Transmission only occurs from
vectors to humans, 5) Infected humans can undergo treatment, 6) Recovered humans can become susceptible
again, 7) All humans and vectors born are considered susceptible, 8) Infected vectors cannot be cured, 9) Human
and vector deaths are natural, not due to disease, 10) the environment is implicitly reflected. Thus, the above
assumptions can be visualized with a compartment dizlgl";llﬂ of the spread of Leptospirosis disease as in figure 1.
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2.2 Differential Equation System
From the image above, the dynamics of the model are expressed in the following differential equation
system:

ds
d—th = upNp — Sk — BulySh + YuRn, (1
dE

d—th = BnlySh — HnER — O1Ep, (&)
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dy,

T = OnEn — alh — pnln, 3
%h = pnlh = W Th — 0T, @
dd% = 0opTh — MnRy = YuRp, ©)
2 = 1Ny = 1Sy — BulyS, ©)
= BulySy — oLy, %

All model parameters are assumed to be positive for t > 0, with nonnegative initial conditions for all state
variables. Parameter definitions and biological interpretations are summarized in Table 1.
Table 1. Parameter Description

Parameter Description
Up Natural birth and death rates of humans
Ny, Total human population
Bn The rate of disease transmission from infected vectors to humans
Oy The rate at which humans move from exposure to infection
Ph Rate of admission of infected humans to treatment
oy, Human recovery rate after treatment
Yn The rate at which people lose their immunity
Hy Natural birth and death rates vector
N, Total number of vector population
By, Rate of infection transmission in vectors

2.3 Equilibrium Point

The disease-free and endemic equilibrium point are determined analytically. Local stability of the disease-
free equilibrium is analyzed using the Jacobian matrix and the basic reproduction number Ry. Due to high order
of the characteristic equation at the endemic equilibrium, the Routh - Hurwitz criterion is employed to determine
local asymptotic stability without explicitly computing all eigen values.

2.4 Basic Reproduction Number Ry

Basic reproduction number Ry defined as the average number of new individuals infected by one infected
mdividual 1n a fully susceptible population. Mark R acts as a threshold parameter in epidemiological models. If
Ry < 1, then the disease will become extinct, whereas if Ry > 1, the disease has the potential to become
endemic.

2.5 Jacobian Matrix & Linearization

To analyze the local stability of equilibrium points, the system is linearized by calculating the Jacobian
matrix. Let X = (Sy, Ep, In, Ty Rp, Sy, Iy)T. The Jacobian matrix J(X) is defined as Jij = 0fi/ 9%;, where f;
denotes the right-hand side of system (1)-(7). Denote the Jacobian matrix of the system, where f; represents the
right-hand side of the differential equation and x; denotes the state variables. The Jacobian matrix is evaluated at
disease-free and endemic equilibrium points.

2.6  Stability Analysis

The local stability of equilibrium points 1s determined using eigenvalue analysis. For endemic equilibria,
the Routh-Hurwitz criterion is used to assess the sign of the real part of the eigenvalues without explicitly
calculating them.

2.7 Numerical Simulation

Numerical simulations are conducted to illustrate the analytical stability results rather than to provide
empirical predictions. Constant values of B}, are used to represent different average hydroclimatic transmission
intensities. The system is solved numerically using the ODEINT method in Python for both Ry < 1and Ry > 1
scenarios to observe convergence toward disease-free and endemic equilibria. Although real environmental time-
series data are not incorporated, such data may be used in future studies for model calibration and location-
specific risk assessment.
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3. RESULT AND DISCUSSION
3.1. Equilibrium Point
To determine the equilibrium point as a solution of the mathematical model expressed in a system of
nonlinear ordinary differential equations, each derivative is equated to zero [26], [27]. Thus, the equilibrium
points of the system are obtained, namely the disease-free equilibrium point (DFE) and the endemic equilibrium
point (EE) which satisfy,
dS, dE, dI;, dT, dR, dS, dl 0
dt  dt dt  dt dt dt dt
By substituting the condition of no infected individuals, namely E,, =1, = Ty, = Ry, = [, = 0, the disease-free
equilibrium point (DFE) is obtained as follows:
E® = (N, 0,0,0,0,N,,0)
Furthermore, if there 1s a condition of infected individuals, the endemic equilibrium point is obtained which 1s
stated as follows:
E* = (Sh*' Eh*' Ih*' Th*! Rh*! SV*’ Iv*),
With : S, > 0,E," > 0,1, >0,T,” > 0,R,” > 0,S,” > 0,1, > 0.
Where (EE) includes:

HhNh+YhRh (N _ﬂ)

h wp+B (N _ﬂ) vV Bv
S*=&I*=N_&S*= p-hNh+Yth,E*= h™Phi"h™py .
v Bv' v v ’ oh |J.h+ﬁh(Nh—E—:)' h Uh+0h ’

”h"'Bh(Nh_E ”h"'Bh(Nh_E

9h6h<%)(m_§_z) Phehﬁh<%>(l\lv_%)
I T = ; T t = ;Rh* =

(kn+0n)(knt+pn) (M +0n)(kn+pn) (Hnton)

thhehﬁh(Nv—g—Z)

(uh+9h)(uh+Ph)(uh+0h)[uh+8h(N"_E_:)] '

Since the characteristic polynomial of the endemic equilibrium 1s of degree four and algebraically
intractable, the Routh-Hurwitz criterion is employed to assess local asymptotic stability [28]. Based on the
calculation, with the condition ay > 0,a; > 0,a, > 0,a; > 0,a, > 0,also b; > 0 and c¢; > 0 that all roots of
the polynomial have negative real parts and the endemic equilibrium point is locally asymptotically stable. This
analysis will be further explored through numerical simulations which will be discussed next.

3.2. Basic Reproduction Number R,

The basic reproduction number is determined using the Next Generation Matrix (NGM) by selecting
subpopulations that spread the disease, namely E,, I}, and [,. From the system of ordinary differential equations,
the Jacobian matrix is obtained, namely:

—(Mn + 64) 0 BrNp
J(Ep, In, Iy) = On —(Mn + Pn) 0
0 0 BVNV — Uy

Then J(Ey, I, Iy) it is stated F — V that, where F is the transmission matrix or the matrix with the rate of
new infections generated by infected individuals, while V is a matrix that shows the death rate or transition

between infectious subpopulations.
0 0 Bh Nh Un + Oh 0 0

F—-v=(0 0 0 [—| —6y bh+pn O
0 0 ByNy 0 0 Hy
The mverse of matrix V 1s obtained as,
1
_ 0 0
Hp + By
1 0y 1
(tn +Or)(Mp + Pn)  Hn +Pn
1
0 0 —
Ky

The basic reproduction number is defined as the maximum eigenvalue of FV™1, then evaluated at E°. So,
the value of the basic reproduction number Ry 1s
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The basic reproduction number in this model 1s dominated by infection dynamics in the vector population,
as vectors act as the primary source of infection and do not recover. Therefore, the vector subsystem contributes
the most to the Ry value. This result arises from the assumption that transmission occurs only from vectors to
humans, while human-to-human and human-to-vector transmissions are neglected. Consequently, the basic
reproduction number 1s governed solely by the infection dynamics of the vector population.

3.3. Local Stability of Disease-Free & Endemic Equilibria
A disease-free equilibrium point 1s declared locally stable if all eigenvalues of the Jacobian matrix have
negative real values, indicating that the system will naturally maintain a disease-free state even if there 1s a
disturbance at its critical point. These eigenvalues are obtained by constructing the Jacobian matrix based on the
partial derivatives of equations (1) - (7) at the disease-free equilibrium point.
E® = (N, 0,0,0,0,N,,0)
The Jacobian matrix 1s obtained as follows.

[— 0 0 0 Yh 0 —PBnNn
0 _uh_eh 0 0 0 0 BhNh
0 0y, —Hh=Pn 0 0 0 0
J(Eo) =] 0 0 Ph—Hh  —g, 0 0 0
0 0 0 ohb, ~—Mh—Yn O 0
0 0 0 0 0 -, —BNy
L 0 0 0 0 0 0 ByNy—py

So, the eigenvalue of the Jacobian matrix is obtained as:
A = —Hh = Yn A2 = =y, A3 = ByNy — iy, Ay = —0n, As = —pip — P,
Ae = —Hp — Op, A7 = —py.
For the disease-free equilibrium point to be stable, all eigenvalues must be negative. This condition 1s met if,
Az = ByNy —py <0,

BNy <1.
Uy

Thus, all eigenvalues of the Jacobian matrix at the disease-free equilibrium point are negative. Therefore,
the disease-free equilibrium point in the leptospirosis distribution model 1s asymptotically stable.
However, if

Which 1s equivalent to,

w > 1.
v
Then point DFE becomes unstable and point EE becomes stable. Thus, based on the Routh-Hurwitz
criterion, all roots of the polynomial have negative real parts, so the endemic equilibrium point is asymptotically
stable. Numerical simulations are then used to verify the analysis results.

3.4. Numerical Simulation

Numerical simulations are conducted to illustrate the theoretical stability properties of the proposed model
rather than to simulate explicit time-varying hydroclimatic processes. Although f; conceptually represents
hydroclimatic variability, it is treated as a constant parameter in this autonomous framework. Therefore,
variations in hydroclimatic effects are reflected through changes in the magnitude of By, rather than through
explicit time-dependent or data-driven By, (t).

The parameters used in the numerical simulations were obtained from several literature sources [18], [24],
[29], [30] and used to illustrate the theoretical behavior of the model. The parameter values used for the disease-
free equilibrium (DFE) point are presented in table 2.

Table 2. Values for DFE
Parameter Mark Reference Dimensions
Uy, 0.02 [29] /day
Ny, 100 [18] /day
Bh 0.5 [29] /day
0y 0.2 [29] /day
Ph 0.1 [30] /day
op 0.1 [30] /day
Yh 0.05 [30] /day
Uy 1.2 [24] /day
N, 100 [18] /day
B, 0.001 [30] /day
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Numerical simulations were performed based on the parameter values listed in Table 2. As the initial
conditions  S;,(0) = 50, E;(0) = 15,1,,(0) = 15, T, (0) = 10,R,(0) = 10,S,(0) = 60,1,(0) = 40. The
system of nonlinear ordinary differential equations was solved numerically by the odeint method in Python. The
results of the numerical simulations are presented in graphical form to illustrate the dynamic behavior of each
compartment over time.
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Figure 2. Numerical simulation of the SEITR-SI model under conditions Ry < 1.
Panel (a) shows the time evolution of all human and vector compartments.
Panel (b) illustrates the corresponding dynamics under modified hydroclimatic transmission intensity.

A numerical disease-free stability analysis 1s obtained by using the parameters in Table 2, based on the

eigenvalues of the Jacobian matrix, namely:

M =-007, A, =-12, A3 =-1.1, A, = -0.1,A; = —0.12, A, = —0.22, A, = —0.02.
Since all the eigenvalues obtained are negative, the disease-free equilibrium point i1s asymptotically stable.
Furthermore, the basic reproduction number is obtained as follows, Ry = 0.083.

Based on Figure 2(a), the dynamics of each subpopulation are observed over a 200-day period. The
susceptible human subpopulation (Sy,) and the susceptible vector subpopulation (S,,) increased significantly. In
contrast, the exposed human subpopulation (Ey), the infected human subpopulation, (Iy,), the treated human
subpopulation (T},), the recovered human subpopulation (Ry,), and the infected vector subpopulation (1)
showed a significant decline and moved towards zero over time.

Based on Figure 2(b), if the value of (py), 1s modified to 0.5 and the value of (B;) modified to 2.5, then
causes an increase in the (Ty,), part slightly then towards zero over time while (Ey,), (Iy), and (Ry) experiences
a faster decrease than in Figure 2a towards zero over time.
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Figure 3. Numerical simulation of the SEITR-SI model under conditions Ry > 1.
Panel (a) illustrates the temporal dynamics of all model compartments,
Panel (b) depicts the system behavior under higher hydroclimatic transmission intensity.

The parameters in Table 2 were used, modifications were made to the vector transmission rate of B, =
0.05 and based on the calculation results using the Routh-Hurwitz criteria, it was obtained that the endemic
equilibrium point is asymptotically stable with a basic reproduction number value of Ry = 4.167.

At the endemic equilibrium point, the Jacobian matrix exhibits a block structure, allowing three eigenvalues
to be obtained directly. The remaining four eigenvalues are associated with a reduced subsystem that leads to a
fourth-degree characteristic polynomial of the form A* + azA3 + a,A% + a;A + ag = 0. Due to the algebraic
complexity of this polynomial, explicit analytical expressions for its roots are not derived. Therefore, the local
stability of the endemic equilibrium point is examined using the Routh-Hurwitz criterion.

a, = ((Nv - ;—Z) (Bh)) (Yn + 3y + pn + 0n + 6) + ((vn) By + pn + 01 + 61)) + (Bun) (2, + 3pp +
30, +364)) + ((pn)(on + 64)) + 01,6y, ®)

a; = (((NV - ;—) (Bh)(vh)) (2py + 3pp + 30y + 3eh)> + (((NV - ;—) (Bh)(ph)) (20 + zeh)> +

((Nv - g—:) (Bh)(%)(%)) + (v (pn + on +6)) + (((thh)(ﬁh +04)) + vE0n + ((pnOr) (2mp +
Uh))), 9
ap = (((Nv - E—:) (Bh)(Yh)) (uf + Mnpn + Hpon + Hheh)> + (((Nv - E—:) (Bh)(Yh)) (Phon + pnOn +

Gheh)> + (((Nv - ;—:) (Bh)(ﬂh)) (4 + MnPh + HnOn + 1pBy + PrOn + PO, + Gheh)) + ((Nv -

;—z) (Bh)(Ph)(%)(%)) + ((YnHn) (B + Hupn + BnOh + HrOn + ProOn + Prbn + 016K)) + (YhPnon6n) +

wyy + ((Hﬁ)(Ph +op + eh)) + ((Hﬁ)(PhGh + pnbn + Gheh)) + (LhPrOLOR), (10)
Table 8. Values for Routh - Hurwitz.
Quantity Expression Numerical value Sign
a, 1 1 >0
43 4pp +op + 6y + (Nv - %) Bn + Yn 38.43 >0
A4

a, See Eq (8) 19.53 >0
a; See Lq (9) 5.4 >0
a, See Lq (10) 0.23 >0
b, d3dz T~ A43y 19.39 >0

as
b, See Lq (10) 0.23 >0
(o} b1a1 — azdq 494 >0

by
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Since all coetficients and leading principal minors in the Routh-Hurwitz table are positive, the endemic
equilibrium point is locally asymptotically stable.

Based on Figure 3(a), when Ry > 1 within a 200-day period, it was observed that human subpopulations
were susceptible (Sy,) and susceptible rat subpopulations (Sy) experienced a decline towards a point of stability.
In addition, subpopulations of exposed humans (Ey,), infected humans (Iy,), treated humans (Ty,), recovered
humans (Ry,), and subpopulations of infected vector (Iy) also indicate convergence towards a stable endemic
equilibrium.

Then in Figure 3(b), by modifying the rate of disease transmission {from infected vectors to humans by ;, =
2.5 and the rate of human treatment by py, = 0.5, it is shown that the hydroclimatic rate and the treatment rate
significantly increases the treated population (T}, ), while the exposed, infected, and recovered human populations
increase but converge to lower endemic equilibrium levels compared to Figure 3(a).

This study 1s primarily theoretical in nature and focuses on analytical stability properties of the proposed
autonomous system rather than empirical calibration. The exclusion of time-series hydroclimatic data is
mtentional, as incorporating explicit environmental forcing would transform the model into a non-autonomous
system and significantly alter the stability framework. Therefore, the numerical simulations are designed to
support qualitative theoretical insights rather than location-specific quantitative prediction.

3.5. Discussion

The proposed SEITR-SI model confirms the threshold behavior governed by the basic reproduction
number Ry, determining the local stability of the disease-free and endemic equilibria. Similar threshold dynamics
have been reported in SEIR-SI and SIR-SI models such as [24] and [25]. However, unlike [24], which excludes
treatment dynamics, and [25], which incorporates hydroclimatic effects explicitly in rodent infection rates, the
present model integrates treatment and hydroclimatic transmission intensity within a unified and analytically
tractable framework.

Although Ry 1s primarily determined by vector transmission parameters, numerical simulations indicate
that the hydroclimatic transmission parameter By, substantially increases the endemic equilibrium level of infected
humans. Thus, hydroclimatic intensity may not directly modify the epidemic threshold but significantly amplifies
disease persistence once Ry > 1. These findings suggest that treatment alone may not be sufficient to eliminate
leptospirosis in hydroclimate-sensitive environments.

From a public health perspective, the results highlight the necessity of integrated control strategies. In
addition to treatment, effective leptospirosis prevention should include environmental sanitation, rodent
population control, improved drainage systems, and early warning measures during periods of heavy rainfall or
flooding. Such integrated approaches are particularly important in regions where hydroclimatic conditions
mtensify environmental transmission pathways.

This study 1s limited to local stability analysis and does not incorporate empirical hydroclimatic time-series
data. Therefore, the results provide qualitative theoretical insights rather than quantitative predictive estimates.
Future work may extend the present framework by integrating rainfall or flood occurrence data to evaluate how
temporal variability in hydroclimatic conditions influences threshold behavior and long-term disease dynamics.

4. CONCLUSION

This study provides qualitative insights into leptospirosis dynamics through a SEITR-SI model
mcorporating hydroclimate-dependent transmission and treatment. The analysis shows that the disease-free
equilibrium 1s locally asymptotically stable when Ry < 1, while a stable endemic equilibrium exists when Ry >
1.

Numerical simulations indicate that increasing the hydroclimatic transmission parameter f, raises endemic
infection levels, even under higher treatment rates, suggesting that environmentally driven transmission can
sustain persistence despite medical intervention.

These results imply that effective control in hydroclimate-sensitive regions should combine treatment with
environmental risk reduction. Practical strategies include improved drainage in flood-prone areas, seasonal
rodent control during high-rainfall periods, strengthened sanitation to reduce contaminated water exposure, and
mtegration of epidemiological surveillance with rainfall and flood monitoring systems to anticipate elevated
transmission risk. Enhancing early diagnosis and rapid treatment during such periods may further reduce
endemic persistence.

Although this study focuses on local stability analysis without empirical hydroclimatic data, the framework
provides a theoretical foundation for integrated medical and environmental control strategies in climate-sensitive
settings.
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