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Abstract 

This study aims to develop a learning process that aligns with the diverse thinking processes of students in Grade 

VIII at MTsN 9 Padang Pariaman. This is a developmental research study using the Gravemeijer and Cobb model. 

This development model consists of three stages: 1) Preparing for the experiment, which involves conducting a 

needs analysis (such as analyzing students and educators, syllabus analysis, literature review, and concept 

analysis), designing the HLT, and assessing the HLT (self-evaluation and expert review); 2) Conducting the 

experiment, which includes product trials with students at MTsN 9 Padang Pariaman through one-to-one 

evaluation and small group evaluation; 3) The retrospective analysis, which involves analyzing data obtained from 

the previous stages. The results of this analysis are used to plan activities and refine the design of future learning 

activities. The results of this study indicate that the developed HLT is highly valid, with an average validity score 

of 89.71%. This research demonstrates that an HLT based on Problem-Based Learning can be validly used in 

mathematics learning, specifically in the topic of relations and functions. 
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Introduction 

Mathematics plays a critical role in the context of education. A comprehensive 

understanding and mastery of mathematics not only provide direct academic benefits but also 

have far-reaching implications in everyday life. Mathematics learning is a structured process 

developed by educators to enhance creative thinking and foster students' ability to construct 

new knowledge (Eliza et al., 2018). However, empirical evidence indicates that numerous 

challenges persist in mathematics education, such as students' inability to independently and 

critically solve mathematical problems. Many students also demonstrate a lack of interest in 

mathematics and actively avoid engaging with the subject. Such issues necessitate scientific 

methods to address them, specifically systematic approaches designed to resolve encountered 

problems (Ridha, 2017). 
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One of the fundamental topics in mathematics education is relations and functions. This 

topic is notoriously challenging for many students to comprehend (Agustin & Ruli, 2023; 

Anggreni et al., 2020; Hutagaol et al., 2022; Muhammad et al., 2022; Yanti et al., 2019). 

Learning difficulties pose a significant barrier that prevents students from effectively following 

lessons. Many students struggle to differentiate between relations and functions and to apply 

these concepts in mathematical problem-solving (Rosidah & Hasanah, 2019). According to 

(Raharjo & Christanti, 2020) students experience difficulties in understanding relations when 

using arrow diagrams, Cartesian diagrams, and ordered sets. Similarly, in the study of 

functions, students struggle with identifying appropriate procedural steps, leading to confusion 

in distinguishing between relations, functions, and non-functions. 

One of the factors contributing to the perception that this subject is difficult for students at 

MTsN 9 Padang Pariaman is the abstract nature of how relations and functions are taught. As 

a result, students struggle to grasp these concepts effectively. The learning trajectory employed 

by educators has not yet facilitated students' understanding of relations and functions. Teachers 

primarily rely on the structured learning sequence provided in textbooks supplied by the school, 

without independently designing how the material should be delivered. Consequently, 

mathematics learning becomes less meaningful, previously learned mathematical concepts are 

easily forgotten, and students' cognitive development remains stagnant. This issue has led to 

mathematics instruction in schools falling short of expectations, as evidenced by the low 

academic performance of many students in mathematics (Muthmainnah & Purnamasari, 2019; 

Siagian, 2016; Woi & Prihatni, 2019). 

This situation is inconsistent with the notion that educators should strategically select 

teaching methods that actively engage students in learning—mentally, physically, and 

socially—while fostering enthusiasm and enjoyment in mathematics (Khaidir, 2016). Research 

conducted by (Gouw, 2012) reveals that teachers frequently rely on lecture-based instruction, 

which results in passive classroom dynamics, as the teacher is perceived as the sole source of 

knowledge. When instruction strictly follows the textbook's learning sequence, the process 

becomes teacher-centered. Although students participate in group learning, the interaction 

during discussions remains suboptimal, meaning that students remain passive despite the 

group-based approach. 

Designing a structured learning trajectory is a potential solution to these challenges. 

However, planning an ideal learning experience that is easily understood by students is not 

straightforward. Often, lesson plans (RPP) do not align with actual classroom implementation, 

as students' responses can be unpredictable. To enhance the quality of mathematics instruction, 

particularly in relations and functions, educators can develop a learning trajectory, commonly 

referred to as a Hypothetical Learning Trajectory (HLT), using the Problem-Based Learning 

(PBL) model. 

(Simon, 1995) introduced HLT as a critical component of pedagogical thinking related to 

mathematical understanding. Specifically, mathematics educators—including curriculum 

developers, teachers, researchers, and instructional designers—can design and implement 

mathematical tasks based on constructivist perspectives and learning objectives. Furthermore, 

(Simon, 2004) explain that HLT is grounded in current knowledge about student engagement 

in learning. HLT serves as a tool for planning instruction on specific mathematical concepts. 
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Developmental research on learning trajectories has been extensively explored by previous 

scholars. For instance, (Aklimawati et al., 2022) examined HLT as a means to streamline the 

delivery of instructional materials, ensuring that students can comprehend them effectively. By 

understanding students' learning trajectories, educators can identify key aspects that must be 

considered to enable students to construct knowledge effectively, leading to meaningful 

learning experiences. Ultimately, HLT allows educators to enhance the quality of instruction, 

whether through teaching methods, instructional materials, or pedagogical strategies. 

Hypothetical Learning Trajectory (HLT) is a learning trajectory that consists of three key 

components: learning objectives, a series of tasks, and hypotheses regarding students' thinking 

and learning processes. The learning objectives refer to the expected conceptual understanding 

of mathematics. The tasks are designed to assess students' thought processes, while the 

hypothesis pertains to students' cognitive pathways in understanding mathematical concepts  

(Fuadiah, 2017). 

Several studies have demonstrated that HLT can enhance students' comprehension. 

Learning trajectories support educators in restructuring their mathematical knowledge for 

teaching purposes. HLT enables teachers to identify and understand students' thinking patterns, 

allowing them to anticipate students' actions and responses during mathematical problem-

solving and their engagement in subsequent tasks (Wilson et al., 2013). A well-structured 

learning trajectory provides students with opportunities to discover mathematical models, and 

with guidance from educators, they can successfully develop these models independently (Lede 

& Kii, 2018). HLT facilitates students in transitioning from informal to formal mathematical 

reasoning while fostering interactive engagement between students and educators (Yulia et al., 

2020). Therefore, the implementation of an appropriate instructional model tailored to students' 

needs is essential (Isman et al., 2021) 

An instructional model is defined as a systematic procedure for organizing learning 

experiences to achieve educational objectives (Susanto, 2019). The model used to design HLT 

in this study is Problem-Based Learning (PBL). The primary goal of PBL is to present complex 

problems that challenge students beyond their previous experiences. PBL fosters active 

participation, collaboration, and teamwork among students while developing leadership and 

analytical skills (Rahimma et al., 2024). 

Problem-Based Learning also cultivates students' critical thinking abilities by encouraging 

them to actively engage in knowledge discovery, conceptual learning, and problem-solving 

within a group setting. According to (Hosnan, 2014), PBL is an instructional model that 

employs authentic problem-based learning, enabling students to construct their own 

knowledge, develop higher-order thinking skills, become more independent, and build self-

confidence. The successful implementation of PBL has been shown to enhance students' 

cognitive learning outcomes (Hasanah et al., 2023; Nafiah & Suyanto, 2014; Utama & Kristin, 

2021; Wahyu Ariyani & Prasetyo, 2021). 

Several steps are involved in designing HLT based on PBL, including: (1) Needs analysis, 

which encompasses an examination of students, educators, syllabi, literature, and mathematical 

concepts; (2) Defining learning objectives to establish clear instructional goals; (3) 

Determining learning activities that align with students' cognitive development; (4) 

Formulating hypotheses about students' thinking, including predicting students' responses and 

anticipating educators' interventions. 
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HLT consists of three components: learning objectives, a series of tasks, and hypotheses 

regarding students' thinking and learning processes (Fuadiah, 2017). In designing PBL-based 

learning activities, educators must adhere to the five essential steps of the PBL model  (M & 

Rusman, 2012) including (1) Orienting students to the problem, (2) Organizing students for 

learning, (3) Guiding individual and group investigations, (4) Developing and presenting 

student work, (5) Analyzing and evaluating the learning process. 

To design and develop PBL-based HLT, this study reviews previous research on learning 

trajectory development. Several studies have explored HLT based on Realistic Mathematics 

Education (RME), including (Aklimawati et al., 2022), who designed RME-based HLT for 

geometry. The use of contextual problems in Aklimawati’s study significantly improved 

students' understanding of geometry. Similarly, (Sujiani et al., 2022) developed RME-based 

HLT for probability, demonstrating that the RME approach effectively supports mathematics 

instruction and enhances students' mathematical abilities (Gravemeijer et al., 2013; Hadi, 

2002). However, research on HLT using PBL remains limited. Therefore, the objective of this 

study is to develop an instructional design in the form of PBL-based HLT for the topic of 

relations and functions. 

In designing the learning trajectory, this study also adopts the framework proposed by 

(Gravemeijer & Cobb, 2006). Their model consists of three essential stages that must be 

implemented in the development process. By designing HLT using Problem-Based Learning 

(PBL), the resulting HLT will be valid, meaning it can be effectively used by students to achieve 

the expected competencies and can be integrated into instructional activities. Additionally, the 

developed HLT is designed to be user-friendly, easily comprehensible, and structured in a 

logical and harmonious sequence. Furthermore, it serves as a valuable tool for educators, 

enabling them to facilitate learning, guide students, and support them in achieving learning 

objectives. 

Methods 

This study employs a developmental research design based on the (Gravemeijer & Cobb, 

2006) model, which consists of three stages: (1) Preparing for the experiment – This stage 

involves conducting a needs analysis, including an examination of students and educators, 

syllabus analysis, literature review, and concept analysis. Additionally, it includes the design 

of HLT and its evaluation through self-assessment and expert review. (2) Conducting the 

experiment – This stage involves product trials with students at MTsN 9 Padang Pariaman, 

including one-to-one evaluation and small group evaluation. (3) The retrospective analysis – 

This stage focuses on analyzing data obtained from the previous stages. The results of this 

analysis are used to plan future learning activities and refine instructional designs for 

subsequent lessons. 

The collected data is analyzed descriptively, and the process is iterative, ensuring that the 

HLT product applied in student worksheets (LKPD) is both valid and practical. Data collection 

in this study is based on HLT validation and practicality sheets, observation records, interviews, 

and documentation. The data consists of qualitative information, including comments, 

critiques, and suggestions from validators, educators, students, and observers, as well as 

documentation of the research process. The collected data serves as the basis for revising and 
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improving the designed HLT. The data collection techniques used in this study include 

documentation, interviews, and field notes. The data analysis method employs a modified 

Likert scale, adapted to meet the specific needs of the research (Riduwan, 2013). 

Results 

 This study was conducted at MTsN 9 Padang Pariaman, involving three subject matter 

experts, one media expert, and one language expert. The developed instructional model is a 

Hypothetical Learning Trajectory (HLT) based on Problem-Based Learning (PBL) for the topic 

of relations, applied in mathematics student worksheets (LKPD) for Grade VIII SMP/MTs, 

specifically covering relations and functions. The research findings are based on the type and 

model used by the researchers, namely design research following the (Gravemeijer & Cobb, 

2006) model, which consists of three stages: Preparation for the experiment, Conducting the 

experiment and analyzing the results, Retrospective analysis of the previous stages. 

Preparing for the experiment  

Observations conducted at MTsN 9 Padang Pariaman indicate that the developed HLT 

product is suitable for use in the learning process. The analysis of students and educators 

involved six students and two mathematics teachers to assess students' learning conditions and 

educators' responses during instruction. The resulting product is a learning trajectory for 

relations and functions, designed using the Problem-Based Learning (PBL) model at MTsN 9 

Padang Pariaman. 

The HLT design includes learning objectives, instructional activities, a series of tasks, and 

hypotheses about students' thinking, all of which align with competency indicators. The 

validity of the HLT was then assessed through expert validation, involving subject matter 

experts, media experts, and language experts (see Table 1). 

Table 1. Average Scores and Validity Criteria of HLT 
Assessment Aspect Average Score Category 

Content Validation 85,78% Highly Valid 

Media Validation 91,67% Highly Valid 

Language Validation 91,67% Highly Valid 

Overall Score 89,71% Highly Valid 

Based on the validation results across the three aspects, the average rating of the HLT 

components is 89.71%, indicating that the Problem-Based Learning (PBL)-based HLT falls 

under the "Highly Valid" category. This means that the HLT is ready for implementation, 

allowing students to achieve the expected competencies and be effectively utilized in 

instructional activities. 

Conducting the experiment   

Following the validation of HLT and student worksheets (LKPD) for relations and 

functions using Problem-Based Learning (PBL) in the preparing for the experiment phase—

specifically during the expert review stage—the next step involved product trials through one-

to-one evaluation and small group evaluation. 
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During this phase, three Grade VIII students from MTsN 9 Padang Pariaman, representing 

high, medium, and low ability levels, participated in the trial implementation of HLT and 

LKPD. The primary objective was to identify instructional elements that were difficult to 

understand, record students' feedback and suggestions, and analyze students' thought processes 

to refine the HLT. 

The researcher also conducted informal interviews and direct observations of students' 

activities. Their comments and responses contributed to improving the LKPD, ensuring that it 

would be more accessible to other students in the small group evaluation phase. Additionally, 

the HLT was refined by incorporating a broader range of hypotheses regarding students' 

cognitive processes. 

An example of students' responses in the worksheet can be seen in Figure 1. 

 

 

Figure 1. The possibility of 1,2, and 3 answer from the Worksheet of Activity 1 

Observing these three possible responses, it can be concluded that students may have 

different answers, varying from one another. This indicates that students have unique 

approaches to solving the given problems, and their responses align with the predicted answers 

in the developed HLT. As a result, the range of possible answers within the HLT expands. 

However, after a classroom discussion, all students will ultimately adopt a common strategy in 

interpreting the concept of relations (see Figure 2). 
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Figure 2. The possibility of 1,2, and 3 from the Worksheet of the Activity 2 

Observing these three possible responses, it can be concluded that students do not have 

differing answers from one another, as their responses align with the predicted answers in the 

developed HLT. As a result, there is no expansion of possible answers within the HLT. 

However, after a classroom discussion, all students will ultimately adopt a common strategy in 

representing relations using arrow diagrams (see Figure 3). 

  

 

Figure 3. The possibility of 1,2, and 3 answers from the Worksheet of Activity 3 

Observing these three possible responses, it can be concluded that students have different 

answers, varying from one another. This indicates that students have unique approaches to 

solving the given problems, which expands the range of possible answers within the developed 
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HLT. However, after a classroom discussion, all students will ultimately adopt a common 

strategy in interpreting the concept of one-to-one correspondence. 

The small group evaluation phase involved six Grade VIII students from MTsN 9 Padang 

Pariaman, consisting of two high-achieving students, two average-achieving students, and two 

low-achieving students. The students were divided into two heterogeneous groups. 

Additionally, three mathematics educators were provided with HLT and LKPD to assess their 

practicality.  

Retrospective analysis 

 The results of the retrospective analysis in the small group evaluation phase showed 

better outcomes compared to the retrospective analysis in the one-to-one evaluation phase. The 

findings from this stage indicate that the HLT product (see Figure 4, Figure 5, and Figure 6) 

has been successfully tested, as evidenced by the effective implementation of the designed 

HLT, which was developed based on the Problem-Based Learning model throughout the 

learning process. 

 

Figure 4. HLT of Activity 1 
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Figure 5. HLT of Activity 2 
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Figure 6. HLT of Activity 3 

Discussion 

Educator-centered learning has begun to haunt the world of education and reduce the 

optimal educational outcomes for students, leading to passive learning, lack of student 

participation in class, absence of meaningful learning, and a learning process that merely 

involves knowledge transfer (Rozali et al., 2022). This situation certainly impacts students and 

makes the learning process less meaningful. One effort to improve the quality of mathematics 

learning, particularly in the topic of relations and functions, is to design a learning trajectory, 

also known as a hypothetical learning trajectory (HLT), using the Problem-Based Learning 

(PBL) model. 

This study employs a research design based on the development model of (Gravemeijer & 

Cobb, 2006) which consists of three stages: preparing for the experiment, conducting the 

experiment, and retrospective analysis. HLT serves as a learning guideline that helps teachers 

implement appropriate models, strategies, teaching materials, and assessments aligned with 

students' thinking stages (Lantakay et al., 2023). The PBL model is a learning approach in 

which students work on authentic problems to construct their own knowledge, develop inquiry 

skills and higher-order thinking, foster independence, and build self-confidence. This model 

aligns with the characteristics of existing problems (Arends, 1997) 

From the validity test analysis, the designed HLT includes learning objectives, learning 

activities, and hypotheses about students' thinking processes, all of which refer to competency 

indicators. The HLT will then be assessed for feasibility through validation by subject matter 

experts, media experts, and language experts. In terms of content/material, the feasibility of 

HLT is evaluated based on its alignment with Core Competencies (KI) and Basic Competencies 

(KD), its relevance to students' needs, and the accuracy of the learning substance  

The average rating of HLT from the media aspect shows a result of 85.78%, indicating that 

PBL-based HLT in terms of content falls into the "Highly Valid" category. Thus, it can be 

concluded that the developed product aligns with KI and KD, meets students' needs, and 

presents learning materials that are consistent with the Problem-Based Learning (PBL) model 
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(Depdiknas, 2008). Regarding the presentation/media aspect, the feasibility of HLT in the topic 

of relations and functions using the PBL model can be assessed based on readability—the font 

used in printed teaching materials should not be too small and must be easy to read. 

Additionally, the background color should contrast with the text to enhance readability  

The average rating of HLT from the media aspect is 91.67%, indicating that PBL-based 

HLT in terms of media falls into the "Highly Valid" category. Thus, it can be concluded that 

the developed product features clear and attractive font types and sizes, clear usage instructions, 

balanced layout, relevant illustrations and images, and an appealing design (Depdiknas, 2008) 

From the language validation aspect, teaching materials must contain clear and concise 

sentences (Depdiknas, 2008). The average rating of HLT from the language aspect is 91.67%, 

indicating that PBL-based HLT in terms of language falls into the "Highly Valid" category. 

Thus, it can be concluded that the developed product uses proper, clear, and concise Indonesian 

language, avoiding ambiguity (double meanings) for students, ensuring that the information 

conveyed in HLT and Student Worksheets (LKPD) is clearly understood by readers. 

Based on the validation results from the three aspects above, the average rating of HLT 

across all aspects is 89.71%, indicating that PBL-based HLT falls into the "Highly Valid" 

category. This means that HLT and LKPD can be used by students to achieve the expected 

competencies and can be implemented in learning activities. Based on the validity test analysis 

of the developed HLT, it can be concluded that PBL-based HLT for the topic of relations and 

functions is categorized as highly valid for use in mathematics learning activities. 

Conclusion 

From the explanation above, it can be concluded that before developing HLT, several 

stages were carried out, namely preparing for the experiment, conducting the experiment, and 

retrospective analysis, all of which were based on the curriculum implemented at MTsN 9 

Padang Pariaman. The findings indicate that the HLT developed for the topic of relations and 

functions can serve as a solution to existing learning challenges. This aligns with the research 

results, which show that the developed HLT meets the "Highly Valid" criteria with an average 

validity score of 89.71%. This study proves that Problem-Based Learning (PBL)-based HLT 

can be effectively used in mathematics learning, particularly in teaching relations and functions 

to eighth-grade students. 
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